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1 Introduction 

In this paper we study Gromov-Hausdorff limits of Kahler manifolds, in partic¬ 
ular their singularities, and the connections with algebraic geometry. This is a 
continuation of our previous work m- 

For k > 0, let /C(n, n ) be the class of n dimensional compact polarized Kahler 
manifolds (X, L,co,p), where L is a Hermitian holomorphic line bundle over X 
with curvature — iuj and p is a chosen base point, which satisfy 

(1) Einstein condition: 

Ric(u}) = A ui (1-1) 

with |A| < 1; 

(2) Local non-collapsing condition: for all r £ (0,1] 

Vol(B(p,r)) > nr 2n . (1.2) 

Notice these conditions are preserved if we rescale the metric by a factor that 
is greater than one. Given a sequence (Xi,Li,uii,pi) in /C(n, re), from general 
theory by passing to a subsequence we obtain a (pointed) Gromov-Hausdorff 
limit (Z,p), which is a length space. By the regularity theory of Cheeger- 
Colding-Tian jB], we have a decomposition Z = TZ U E, where TZ is an open 
connected smooth manifold endowed with a Kahler-Einstein metric, and S is a 
closed subset of Z with real Hausdorff dimension at most 2 n — 4. Let O-jz be 
the structure sheaf of the complex manifold underlying 1Z , and let l : 1Z — > Z 
be the obvious inclusion map, then we define a sheaf on Z by Oz = i*On- We 
have 

Theorem 1.1. (Z, Oz) is a normal complex analytic space. 

The precise meaning of this statement, as well as further properties of Z , 
will be discussed in detail in Section 2. 

Although we expect the results below to hold in greater generality, in this 
paper we will focus on the situation that is most closely related to our previous 
work [16.. For V > 0 we denote by K.i(ti,k,V) the subset of /C(n, k) consisting 
of elements that satisfy the stronger assumptions 

*The second author is partially supported by NSF grant DMS-1405832 and Alfred P. Sloan 
fellowship. 
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(A) Normalized Einstein condition: 

Ric{u>) = \ui 

for A £ {1,0,—1}; if A = 0, we further assume Kx is holomorphically 
trivial; 

(B) Uniform non-collapsing condition: 

Vol(B(< 7 , r)) > nr 2n (1.3) 

for all q £ X and r £ (0,1]. 

(C) Uniform volume bound: 

Vol(X, ui) < V. (1.4) 

By the Bishop-Gromov volume comparison theorem, (B) and (C) together 
are equivalent to a uniform diameter bound on X, and the latter is indeed a 
consequence of the Einstein condition when A = 1. It is proved in pi)] that 
the (polarized) Gromov-Hausdorff limit of a sequence of spaces in K-i(n, k,V) 
is naturally a normal projective variety. Theorem 11.11 is an extension of this 
result. 

Our main interest in this paper is on rescaled limits. For this purpose we let 
lC(n,K,V) be the set of polarized Kahler manifolds of the form (X,L a ,auj,p) 
for some (X, L,uj,p) £ lC\{n, k, V) and a > 1. Clearly /C(n, re, V) is a sub¬ 
set of so Theorem 11.11 applies to Gromov-Hausdorff limits of spaces in 

/C(n, k, V). Let (Z,p) be such a Gromov-Hausdorff limit. We consider the fam¬ 
ily of spaces given by rescaling (Z,p) by a factor ffia for a positive integer a. 
Let a —> oo, by passing to a subsequence we obtain limit spaces, called the tan¬ 
gent cones at p. These can themselves be viewed as Gromov-Hausdorff limits of 
elements in /C(n, n, V), so by Theorem 11.11 they are naturally complex analytic 
spaces. A fundamental result of Cheeger-Colding says that any tangent cone in 
this setting is also a metric cone, so is of the form C(Y ) for some compact metric 
space Y (called the cross section). Let R(C(Y)) denote the ring of holomorphic 
functions on C(Y) with polynomial growth at infinity. Then we have 

Theorem 1.2. R(C(Y)) is finitely generated. Moreover, SpecR(C(Y )) is an 
affine algebraic variety that is complex analytically isomorphic to (C(Y), Oc(y))- 

The proof of this theorem will be given in Section 2.3. We will also describe 
the cone structure on C{Y), in terms of a “grading” on the ring R(C(Y)). 

Theorem 1.3. There is a unique tangent cone atp. 

We will prove this in Section 3. This means that any two tangent cones are 
isomorphic both as metric cones and as affine algebraic varieties, see also Remark 
13.181 for more precise statement. For general limits of Einstein manifolds, the 
uniqueness of tangent cones at a singular point is not known. In a recent 
work m , using a Lojasiewicz-Simon type argument, Colding-Minicozzi proved 
the uniqueness under the extra assumption that there is one tangent cone with 
smooth cross section. Our approach is very different from this in that we exploit 
the complex geometry in a crucial way and the above theorem does not require 
the smoothness of the cross section. In Section 3 we also make some progress 
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towards an algebro-geometric description of the tangent cone. In particular, we 
will study the relation between the grading on R(C(Y)) and the filtration on 
the local ring of germs of holomorphic functions at p defined by the limit metric. 

When the above limit space {Z,p) is non-compact, i.e. when the rescaling 
factors a,i tend to infinity, we can ask about the algebraicity of Z. Let R(Z) 
be the ring of holomorphic functions on Z with polynomial growth at infinity. 
Then we have 

Theorem 1.4. R(Z) is finitely generated. Moreover, Spec(R(Z )) is an affine 
algebraic variety that is complex analytically isomorphic to (Z,Oz)- 

This is an extension of Theorem 11.21 The proof is given in Section 3.4. It 
involves the study of tangent cones at infinity, for which we will obtain results 
analogous to Theorem 11.21 and 11.31 By our assumption Z is also endowed with 
a Ricci-flat Kahler metric. When Z is smooth, it is an asymptotically conical 
Calabi- Yau manifold , which has been well-studied recently (see for example 
[12]). Theorem 11.41 can also be compared with [25], where a similar result is 
proved for complete Kahler manifolds with non-negative bisectional curvature 
and maximal volume growth. 

In the appendix we will prove an extension of the Futaki and Matsushima 
theorem to singular Ricci-flat Kahler cones, which is used in the proof of The¬ 
orem 11.31 and 11.41 Our arguments follow the corresponding proof for Q-Fano 
varieties in [S], 

The main application of our results in this paper is to the study of Kahler- 
Einstein metrics with positive Ricci curvature (i.e. the Fano case), in which case 
the non-collapsing condition holds automatically. For Kahler-Einstein metrics 
with negative or zero Ricci curvature (i.e. the General Type or Calabi- Yau case, 
respectively), it is an interesting question to understand the algebro-geometric 
meaning of the non-collapsing condition. There are recent results along this 
direction, see for example mmm- 

Acknowledgements: We are grateful to Mark Haskins, Weiyong He, Hans- 
Joachim Hein, Robert Lazarsfeld and Jason Starr for helpful discussions related 
to this work. 


2 Complex structure on Gromov-Hausdorff lim¬ 
its 

2.1 Proof of Theorem 1.1 

We first recall the notion of polarized Gromov-Hausdorff convergence intro¬ 
duced in m- Fix n and n > 0, suppose we are given a sequence of objects 
u>i,pi) in /C(n, k). Then by passing to a subsequence we obtain a polar¬ 
ized limit space ( Z,p , g^, Joo, L Aoo), which consists of the Gromov-Hausdorff 
limit metric space ( Z,p ), together with a smooth Riemannian metric goo and 
a compatible complex structure J 00 on the regular set 1Z with Kahler form 
Woo, a Hermitian line bundle Loo over TZ, and a smooth connection Aoo on Lao 
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whose curvature is —iuioo (The difference from the definition in jl6| is that here 
we assume the metrics satisfy the Einstein equation so the limiting geometric 
structures are all smooth over TZ). 

The meaning of the convergence is as follows. For any R > 0, we can fix 
a metric di on the disjoint union B(pi,R) U B(p,R) such that B(pi,R) and 
B(p,R) are both e^-dense, and di(pi,p) < ti with —> 0. Moreover for any 
S > 0, and any compact subset K C B(p, R) D TZ we can find for large enough i 
open embeddings Xi of an open neighbourhood of K into B(pi,R), and bundle 
isomorphisms Xi '■ Aoo — > Xi^i, such that di(x,Xi( x )) < & f° r all x £ K, and 
converges smoothly over K to (goo, Joe, A^). Here ./, is the 
complex structure on A, and Ai is the Chern connection on Li with curvature 


Now let (Z,p) be a limit space. Fix R > 1, and fix a metric di on B(pi, R) U 
B(p, R) which realizes the polarized Gromov-Hausdorff convergence. Let O be 
the sheaf of rings on B(p, R) induced by the presheaf on B(p , R ), which assigns 
each SI C B(p , R) the ring of functions on S7 that are limits of holomorphic 
functions over certain domains in Xi , in the obvious sense. From the definition 
O depends on R and the choice of di, but eventually we will prove that O 
agrees with the restriction of Oz defined in the introduction, so it in fact does 
not depend on any choices. 

The overall idea to prove Theorem 11.11 is similar to the one we used in the 
proof of Theorem 2 in m- As discussed in H9 ,0 all tangent cones of Z are 
“good” so that we can apply the Hormander technique to construct holomorphic 
sections. Recall in 0 we have achieved the following. 

Proposition 2.1. There are k, C, N, h,--- ,In, and p\, p 2 £ (0,1) with p\ > 
P 2 , such that the following holds 

(1) For i sufficiently large there is a holomorphic section Si of L\ —> Xi such 
that |sj(a;)| > 1/2 when dfp,x) < p\, and ||s*||x,a < (27r) ra + 1, where the 
norm is measured with respect to the metric few,; 

(2) For j = l,--- ,N, a holomorphic section ajx of —> Xi for some 

integer lj > 1 ; 

(3) The corresponding map Fi : Di , with the j-th component given by 

a j,i/ s i ) satisfies |i 7 ’j(a;)|* > 1/2 when di(p,x) = p\, and |Tj(a;)|* < 1/100 
when di(p, x) < p 2 - Here \ • |* is the sup norm on C N , and Di is a domain 
in Xi containing all the points with di(p,x) < p\; 

(4) |VFd < C. 

Let B be a Euclidean ball in C N that is contained in the ball of radius 1/4 
in the | • |* norm, and let fl; be the pre-image of B under Fi. Item (3) implies 
that for any x £ B, the fiber F~ 1 (x) is a compact analytic set and by item (1) 
the ample line bundle L^ ai is trivial over F~ 1 (B ), therefore F t is a finite map 
from fli onto an analytic set W t in B. Item (4) means that the volume of Wi 
measured by the induced metric from C N is uniformly controlled by the volume 
of a ball of radius p\ in Xi (with respect to the metric gf), and the latter is 
uniformly bounded by the Bishop-Gromov volume comparison theorem. So by 
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passing to a subsequence we may assume Wi converges to a limit W, which is 
an analytic set in B. We endow W with the reduced analytic structure. (4) 
also implies that we can take the limit of F. t and obtain a Lipschitz map F from 
an open neighborhood 51 of p onto W. This induces an injective sheaf map 
F* : Ow —> F t O, where Ow is the sheaf of holomorphic functions on W. 

Proposition 2.2. The following can be achieved: 

(A) . For any q\,q 2 € f l, there are an integer r and e > 0, and for i 
large there are holomorphic sections Ti ; j,T 2 ,i of L kr —> Xi so that the func¬ 
tions T\'i/s r il T 2 ,i/s\ converge to functions in 0(51) which separate B(qi,e ) and 
B(q 2 ,e); 

(B) . For any point q € £7 CilZ, there is an integer r, and for i large there are 

n holomorphic sections (t\ ; j, • • • , r n ^) of L kr —> Xi so that • • • , T n ^/s\) 

converge to functions in 0(51) that define an embedding of an open neighborhood 
of q into CF. 

The proof of these is exactly the same as that of Proposition 4.6 and Propo¬ 
sition 4.7 in m, by constructing Gaussian holomorphic sections around two 
different points separately, and by constructing holomorphic sections which van¬ 
ish at one point but with non-vanishing derivative along any prescribed tangent 
direction. 

Given a function / e 0(51), we could add it as a new component and obtain 
a map F' = (F, f) : 51 — > C N+1 . By definition, / is the limit of holomorphic 
functions fi defined over some open subset in Xi. By the gradient estimate for 
holomorphic functions (see for example Proposition 2.1 in [163 ), |V/j| is locally 
uniformly bounded. This implies that the image W' of F' is a local complex 
analytic set in C w+1 . Moreover the projection map it : W' —> W is finite. By 
(A) and (B) we may add finitely many components so that the map F' is one- 
to-one from some open subset D in 51 fl 1Z onto an open subset of the smooth 
part of W, and the pre-image of F'(D) is exactly D. Without loss of generality 
we may assume F already meets this property. 

Proposition 2.3. By adding finitely many functions from 0(51) and by slightly 
shrinking 51, we may assume F is a homeomorphism and maps 51 D 72. into the 
smooth part of W. 

If we add another function in 0(51) as a new component, the projection map 
will be generically one-to-one, so in particular we have the induced inclusion of 
sheaves of rings Ow ^ tt*Ow’ ^ A4w, where A4w is the_sheaf of meromorphic 
functions on W. Indeed, 7r*0w' is a coherent subsheaf of Ow, the normalization 
of Ow- By general theory of complex spaces (c.f. [28], Section 11.5) we have 
a Noether property, that is, by adding finitely many functions from 0(51) and 
by slightly shrinking 51, we may eventually achieve a maximal subsheaf, say 
7T#Ow' C Ow- Again, without loss of generality we may assume Ow is already 
maximal, then we have OfW) = F*(0(51)). Since the functions constructed 
from (A) and (B) clearly lie in 0(51), we see that the map F is a homeomorphism 
onto W and it maps 51 fl 72. into the smooth part of W. 

Now we may run the same arguments locally. Using the fact that Ow,p is a 
Noetherian ring, by adding functions in O p and by shrinking 51 if necessary, we 
may assume that Ow,p = F*(O p ). 
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Proposition 2.4. By further shrinking fl if necessary we may assume W is 
normal, and the map F* : Ow —> F*(0\n) is bijective. 

By the openness of normal locus (jUL Theorem 14.4) it suffices to show W 
is normal at F(p). This is a local property, so without loss of generality we may 
assume Wi and W are analytic subsets of a Euclidean ball B in C N , and we 
need to prove that a bounded holomorphic function / defined over the smooth 
part of W extends to a holomorphic function over a neighborhood of F(p) in 
W. By the above discussion, it suffices to prove that any bounded holomorphic 
function / defined over fl fl ft extends to a function in 0(fl). For this purpose 
we need to use a local version of the Hormander L 2 estimate. The following 
lemma is well-known, see for example m, Theorem 6.1. 

Lemma 2.5. Let Y be a complex manifold which admits a complete Kohler 
metric. Let to be an arbitrary Kdhler form on Y, and L be a holomorphic line 
bundle over Y endowed with a Hermitian metric h whose curvature satisfies 
iOh > cl u for some c > 0. Let f be an L-valued ( n , q) ( q > 1) form with df = 0, 
then there exists an L-valued ( n,q — 1) form u with du = f, and 


Notice each Wi is an analytic set in B , so is Stein. Since the map Fi is finite, 
it is easy to see that f \ admits a complete Kahler metric. We also choose a big 
number r so that on the curvature of the line bundle L\ r ® is bigger 
than LOi, where the metric on is defined by oSf. Now as in |I6I we fix a 
sequence rji —> 0. Using the fact that the singular set E has Hausdorff dimension 
strictly less than 2n — 2, we can choose a sequence of good cut-off functions /3i 
on fl so that /3i is supported in the complement of a neighborhood of E fl fl, 
/3i = 1 outside the ^-neighborhood of E and ||V/?j||i 2 < r]i. Given a non-zero 
bounded holomorphic function / defined over 0 fl ft, we can use the maps Xi 
to graft /3if into fli and obtain a smooth section cq = (xf 1 )* {Pif) s f r °f L l ? rai 
over f li, with ||9<Tj||£2 —> 0. We may view cr, naturally as a L^ rai ® A'^ 1 -valued 
(n, 0) form. By Lemma 12.51 we can solve dri = <9eq with ||rj||x ,2 < ||dcJi||£ 2 . 

Let fi = (cn—Ti)/sf r , then fi is a holomorphic function on Hi, and as in |l6] 
we obtain a uniform L°° estimate on fi and |V/j|, where the constants depend 
only on the distance to the boundary of f li. So we can take a limit foo £ 0(LI) 
by passing to a subsequence. On a ball in fb that has a fixed distance away 
from E, we then obtain a uniform estimate on |Vrj|, and this together with the 
fact that 11 Tj|| £2 < €i implies that |rj| tends to zero uniformly on any compact 
subset of U 0 ft. Therefore f a0 = f on the whole fl 0 ft, hence can be viewed 
as an extension of / to fl. 

Now without loss of generality we may assume W itself is normal. We need 
to show F* : Ow —> T*(0|n) is bijective. It suffices to prove the surjectiv¬ 
ity. Given any q £ fl, a holomorphic function / defined on a neighborhood U 
of q determines a holomorphic map F' : U —> C N+1 , and the projection map 
it : F'(U ) —> F(U) is generically one-to-one, and / becomes holomorphic on 
F'(U). On the other hand, the normality of W implies that n is a holomorphic 
equivalence, so / is holomorphic on F(U). This completes the proof of Propo¬ 
sition m 
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Notice by normality Oz |o = (t*CbO|nrrR. = 0\q.- Therefore F also induces 
an isomorphism between the ringed spaces {£1,0 z\n) and (W,Ow), and the 
same holds in a neighborhood of any point in Z. This then endows {Z, Oz) 
with the structure of a normal complex space, in the usual sense, and thus fin¬ 
ishes the proof of Theorem 1.1. 

Remark 2.6. The above arguments make use of some general language of com¬ 
plex analytic spaces, and are essentially equivalent to the approach used in m- 

2.2 Further results 

We first clarify the precise notion of Gromov-Hausdorff topology we shall use 
in the remaining part of this paper. We go back to the setting at the beginning 
of Section 2.1, where we discuss a polarized limit space (Z,p, g^, J 00 , L^, Aqo). 
Since the Hermitian line bundle and the connection enter our discussion only 
when we apply the Hormander construction in m ( more specifically the con¬ 
struction of holomorphic sections in Proposition l2.ll and l2.2D . and since they are 
not the geometric objects that we are interested in later, wc will mostly ignore 
them. From now on, wc will simply call ( Z,p , g^, Joo), or {Z,p) when there is no 
confusion caused, a Gromov-Hausdorff limit. By abusing notation we will also 
denote by K,{n, k) the class of the underlying (non-polarized) Kahler manifolds 
of elements in IC{n, n) defined in the introduction. Let K,{n,n) be the class of 
all Gromov-Hausdorff limits of elements in K,{n,n). It is understood that an 
element {Z,p) £ K{n, n) is always endowed with some limit polarization, but is 
in general not unique. 

The discussion in Section 2.1 defines a notion of convergence in )C(n, k) (by 
forgetting about the line bundle and connection) which, by general construction, 
yields topology on K,{n, k). This refines the standard Gromov-Hausdorff topol¬ 
ogy on metric spaces, and this is what we mean by Gromov-Hausdorff topology 
in the rest of this paper. 

A basis of this topology can be constructed as follows. Given a positive 
integer j and {Z,p) £ /C(n, k), we define a neighborhood Nj(Z,p) to be the set 
of all spaces (Z',p') £ /C(n, k) which satisfy the following properties 

• There is a metric d on B{p,j) U B{p',j), such that d(p',p) < j -1 and 
B(p,j) and B{p',j ) are both e-dense for some e < j~ lm , 

• Denote by Uj the complement of the j -1 neighborhood of the singular set 
in B{p,j). Then there is a smooth embedding y of an open neighborhood 
of Uj into the smooth part of B{p',j), such that d(x, y(x)) < j -1 for all 
x £ Uj, and 

HxV - gWcRUj) + ii x* j' - JWcRUj) < r l , 

where the norm is computed with respect to the metric g. 

Then the collection of the neighborhoods Nj{Z,p) for all {Z,p) and all integers 
j is a basis of the Gromov-Hausdorff topology on /C(n, k). 

Lemma 2.7. The Gromov-Hausdorff topology on K{n,n) is compact, Haus- 
dorff, and has a countable basis. 
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This is not difficult to prove but since we can not find a reference for the 
precise statement in the literature we give a proof here. By a contradiction 
argument, it is easy to see that for each fixed j, there are at most finitely many 
disjoint neighborhoods of the form Nj(Z,p). Let Nj(Zj t0l ,pj tCl ) (a = 1, • • • , c(j)) 
be a maximal disjoint set of such neighborhoods. Now we claim the countable 
family of open subsets {Nj(Zk, a )\a = 1, • • ■ , c(k),j € Z >0 } form a basis of the 
topology. To see this, given an open set N in K(n, re) and a point (Z,p) £ 
TV, by our above choice, for each j, we can find olj such that Nj(Z,p) and 
Nj(Zj t0lj ,pj iaj ) has non-empty intersection. Then it is easy to see that for j 
sufficiently large we have N WO j(Z,p) C N W j(Zj taj ,pj^ aj ) C Nj(Z,p) C N. This 
proves the claim, and hence the topology has a countable basis. 

The Hausdorff property is clear. It remains to prove the compactness. Sup¬ 
pose otherwise, we may find an open cover IA of /C(n, re) which does not admit 
any finite sub-cover. Using the countable basis constructed above we may choose 
a countable sub-cover, say V = {Vi, V 2 , • ■ ■ }. By assumption, for each k, there 
is a (Zk,Pk) which does not belong to V) for any j < k. Since each (Zk,Pk) is 
the Gromov-Hausdorff limit of a sequence of spaces in K.(n, re), by a diagonal se¬ 
quence argument, we may pass to a subsequence and assume (Zk,Pk) converges 
to a limit (Z,p). Now since V is a cover, (Z,p) £ I4 0 for some k 0 . It follows 
that for k sufficiently large ( Zk,Pk ) £ Vfc 0 . Contradiction. 

For our later purposes we need to extend the discussion of Section 2.1 uni¬ 
formly to /C(n, re). 

Lemma 2.8. There are Ai, A 2 £ (0,1) with Ai > A 2 and C > 0 depending only 
on n and re such that given ( Z,p) £ JC(n,n), there is an open set D in Z that 
contains the closure of the ball B\ 1 (p), and a holomorphic map F from D to 
C N such that 

• |F(:r)|» > 1/2 when d(x,p) = Ai; 

• |-F(a;)|* < 1/100 when d(x,p) < X 2 ; 

• |VF(x)| < C for all x in B\ 1 (p). 

This follows directly from Proposition 12.II and a contradiction argument. 

Proposition 2.9. Suppose f is holomorphic function defined on Bx^fp). Then 
there is a neighborhood IA of ( Z,p ) in K.(n,n), such that for any ( Z' 7 p') £ 
/C(n, re), there is a holomorphic function f defined on B\ 2 (p'), such that f 
converges to f uniformly over B\ 2 (p) as (Z',p ') converges to (Z,p). 

Remark 2.10. Notice the precise notion of convergence of holomorphic functions 
in our context depends on the choice of metric on the disjoint union Z' VAZ real¬ 
izing the Gromov-Hausdorff convergence. In general the limit will be only well- 
defined up to an isomorphism of B\ 2 (p) (a holomorphic isometry) that fixes p. 
So the precise convergence should be understood modulo such an isomorphism. 

By Lemma 12.81 we can apply Lemma 12.51 and the discussion following it to 
find the neighborhood U , and a holomorphic function /' on B\ 2 ( p') for (Z',p') £ 
lAr\JC{n, re), with a uniform L°° estimate on |/'| and |V/'|. Then by taking limits 
of these functions we also find correspondingly the holomorphic functions for all 
(Z',p')£U. 







Proposition 2.11. There are universal constants Kq, K\ depending only on 
n, k and r, so that for any holomorphic function f defined on a ball B of radius 
r around p in a limit space Z, we have 

\f{p)\ < K 0 \f\ L 2 {B y, 

|V/(p)| < 

Here the second estimate is understood in the Lipschitz sense. 

A general way to prove this is to adapt the usual Moser iteration technique 
directly to the possibly singular space Z. In our case, we can apply Proposition 
I2.9l and the fact that the estimate is well-known in the case when Z is in /C(n, n) 
(c.f. Proposition 2.1 in ng). 

Proposition 2.12. Let F : B\ 1 (p) C N be a holomorphic embedding. Then 
we may find V C U, and for any ( Z' ,p') £ V, a holomorphic map F' : B\ 2 (p') —> 
(f*, that is generically one-to-one (in particular F' is a normalization map onto 
its image), and as ( Z',p ') converges to (Z,p), the image F'(B\ 2 (p')) converges 
to F(B\ 2 (p)) as local complex analytic sets in Cf^. 

The construction of F' follows from Proposition 12.91 By compactness of 
JC(n,n), to prove that F' is generically one-to-one, it suffices to show that if 
( Zi,pi ) converges to (Z,p) then Fi is generically one-to-one for sufficiently large 
i. Fix a metric of B\ 1 (pi) U B\ x (p) that realizes the Gromov-Hausdorff conver¬ 
gence. Choose a ball B with closure contained in the regular part of B\ 2 {p). 
Then we may find corresponding balls Bi in B\ 2 (pi) that converge to B. By 
Colding’s volume convergence theorem and Anderson’s volume gap theorem it 
follows that for i large Bi is contained in the regular part of B\ 2 {pi). From the 
definition of Gromov-Hausdorff convergence, by varying Bi slightly we may iden¬ 
tify Bi with B using a diffeomorphsim Xi- under which F, converges smoothly 
to F. Hence Fi is an embedding on Bi. Now using the injectivity of F it is 
easy to see that for i large on the image of the half ball \Bi, Fi is one-to-one, 
in particular, F t is generically one-to-one. 

Remark 2.13. Proposition 12.12l will be sufficient for our purpose in this paper. 
In general we expect that for i large Fi is indeed a holomorphic embedding, 
which will allow us to say that Zi converges to Z locally as analytic subsets in 
some C N , or in other words, locally Zi is a deformation of Z. Comparing the 
results in the compact case [16] that relate the Gromov-Hausdorff convergence 
to flat convergence in the Hilbert scheme, we also expect that in general the 
convergence is flat in a certain sense. To our knowledge such a theory has not 
yet been developed, and we leave this for future work. 

Proposition 2.14. The metric singular set of ( Z,p ) agrees with the complex 
analytic singular set. 

By Proposition 12.31 it suffices to show that if p is a smooth point in the 
complex analytic sense, then the limit metric is smooth in a neighborhood of p. 
Choose a holomorphic embedding of a ball B around p into C”. By a rescaling 
we may assume B = B\ 1 (p). Then by Proposition 12.121 for i large enough we 
may find a holomorphic map Fj : B\ 2 {pi) —>• C™, that is generically one-to-one, 
hence is a holomorphic equivalence onto its image, and Fj converges to F. By 
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making B even smaller we may view the Kahler-Einstein metric u>i as a Kahler 
metric on a fixed Euclidean ball B in C n . Moreover, we can write u>i = idd(f>i, 
with <pi = — fc -1 log |sj| , where s,; is the holomorphic section constructed in 
Proposition 12.II As in [8], we have |(^| < C and w* > C~ 1 uje U c for some C > 0. 
The Kahler-Einstein equation takes the form 

det {idd(j)i) = e~ X(t>i \Ui\ 2 , 

where Ui is a non-vanishing holomorphic function. The bound w, > C~ x u>e U c 
implies that \Ui\~ 1 is uniformly bounded. Since the volume of B with respect 
to u>i is uniformly bounded we obtain a L 2 bound on Ui. So in the smaller ball, 
say §B, we know \Ui\ is also uniformly bounded. This implies u>i and ojeuc are 
uniformly equivalent. Then we can apply the standard Evans-Krylov theory to 
conclude that (pi has a uniform C 2,a bound on ^B, and standard bootstrapping 
yields higher derivative bound. So w, converges to a smooth Kahler-Einstein 
metric Uoo in ^B. 

Remark 2.15. As in [16] , the above argument also proves that there is a weak 
Kahler-Einstein metric on Z in the sense of pluri-potential theory, with contin¬ 
uous local potential. 

We finish this subsection with a lemma on the convergence of holomorphic 
functions, that will be used later. Suppose a sequence (Zi,pi) £ K.{n,n) con¬ 
verges to (Z,p). Suppose Bi is a ball in Z. L that converges to a ball B in Z. 
Given a sequence of holomorphic functions fi on Bi with 11 /i 11 i 2 (uniformly 
bounded, then by the estimate in Lemma 12.Ill we know f\ converges (by pass¬ 
ing to a subsequence) to a holomorphic function / on B, and the convergence is 
uniform over any compact subset of B. In this case we say fi converges weakly 
to f. 

From our definition of Gromov-Hausdorff convergence, any domain Q with 
fl C B fl 1Z is the smooth limit of domains f \ in Bi, so we always have 

II/I|l 2 (b) < liminf \\fi\\ L 2 {Bi) . 

i—too 

We say fi converges strongly to f if 

I I/I \ l 2 ( b ) = lim ||/i|U 2 (Bi)- 
%—>-00 

Lemma 2.16. (1). If fi converges uniformly to f, then fi converges strongly 
to f. 

(2). Let Ai,A 2 be given as in Lemma \2.8\ Suppose fi converges strongly to f, 
and gi converges weakly to g. If f extends to a holomorphic function over the 
ball B' = AiA f 1 B (the same center but with radius multiplied by XiXf 1 ), then 

I fg= I™ [ fi(ji. 

J B i^>oo J Bi 

Given a domain fi C B fl 1Z, we can find 1/ C Bi which converges smoothly 
to fl. Then we have ||/i||i2(ni) converges to ||/|L 2 (fi)- On the other hand, 
by Colding’s volume convergence theorem, we know Vol(l?i \ f li) converges to 
Vol(B \ 11), which can be made as small as we like, since the singular set in 
has zero n-dimensional Hausdorff measure. This proves the first item. 
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To prove the second item we first use Proposition 12.91 to find a hoiomorphic 
function hi on Bi that converges uniformly to /. Then we claim 


lim f higi = f fg. (2.1) 

*°° JBi Jb 

To see this, let rBi and rB be the balls with the same center as Bi and B 
respectively, and with radius multiplied by r. For any fixed r < 1, since gi 
converges uniformly to g on rB, by item (1), f rB hijji converges to f g fg. On 
the other hand, we have 


/ Bi\rBi 


Kgf\ < 


\hi\L°°\gi\L 2 (Bi)VV°KBi \ rBi ) 


As r —> 1, the right hand side tends to 0 uniformly for all i. This proves the 
claim. Now we write 





( 2 . 2 ) 


Notice 

[ \fi~hi\ 2 =( \fi\ 2 + \hi\ 2 — 2Re(hifi) 

J Bi J Bi 

By assumption the first term converges to ||/||| 2 ( B )- By item (1), the second 
term also converges to ||/||| 2 ( B )- Applying (12.11) with g t replaced by /), we see 
the last term converges to — 2||/||| 2 ( B y These imply ||/) — hi\\ L 2 ^ B .^ converges 
to zero. Since ||< 7 i||l 2 ( B .) is uniformly bounded by assumption, it follows that 
the first term in (12.21) converges to zero. Therefore by (12.11) again we obtain the 
conclusion. 


2.3 Proof of Theorem 11.21 

Let ( Z,p ) be a Gromov-Hausdorff limit of a sequence of spaces in /C(n, k, V). 
Let C(Y) be a tangent cone at p. Then we know C(Y) is in /C(n, k), so Theorem 
11.11 already proves that C(Y) has the structure of a normal complex analytic 
space. The main new ingredient in Theorem 11.21 is the algebraicity. We will 
make use of an idea due to Van Coevering [M] , who proved essentially the same 
result for a Kahler cone with smooth cross section. 

Using the metric cone structure we may write the smooth part of C{Y ) 
as C(Y reg ), where Y reg C Y is a smooth 2n — 1 dimensional manifold. The 
Kahler-Einstein condition implies that C{Y reg ) is Ricci-flat Kahler and Y reg is 
Sasaki-Einstein with Ricci curvature 2n — 2. Let £ = J(r9r), where r is the 
distance function to the vertex O, and J is the complex structure on C{Y reg ). 
By a simple local calculation it is easy to see that £ is hoiomorphic and Killing 
on C(Y reg ). 

Lemma 2.17. £ generates a hoiomorphic isometric action of a compact torus 
T on C(Y). 

We choose a neighborhood U of O and a hoiomorphic embedding F : —> 
C N . Notice that we have an action of £ on C>(fl): given any function / € 0(f2), 
by normality the function £./ = C^f on SlD C(Y reg ) extends to a function on 
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f 1. In particular £ acts on the coordinate functions, so we obtain holomorphic 
functions fi = (;.Zi on fl. By possibly making f 1 smaller, we may assume there 
is a neighborhood U of fl in C N such that each fi extends to a holomorphic 
function on U. In particular the vector field Y^i fi9 Zi is a holomorphic vector 
field on U which restricts to £ on fl fl C(Y reg ). For simplicity of notation we 
also denote £ = fid Zi . Now we choose a smaller open set V CC U, then £ 
generates a family of local holomorphic transformations (j>t (t € [—e, e]) so that 
MV) C U. We claim tfi t maps flflU into fin U. Indeed, given any holomorphic 
function f on U that vanishes on fl n U, since £ is tangent to fl fl C(Y re9 ), we 
have £./ = 0 on fl n U n C(Y re9 ) and thus £./ = 0 on fl n U. This implies 
that f>lf vanishes on fl n U for all t , i.e. / vanishes on </> t (fl n V ), so the claim 
follows. Clearly <f> t fixes the vertex O, and preserves the function r. Using the 
cone structure it is easy to see that these local transformations glue together to 
form a family of global holomorphic transformations {</>t}teR of C{Y). 

It is also obvious that (ft preserves both the smooth and singular part of 
C(Y). In particular, it preserves the length of any smooth curve in C{Y rea ). 
Using the fact that C{Y) is the metric completion of the Riemannian mani¬ 
fold C(Y re9 ) (Theorem 3.7 in [F]), it follows that (ft acts by isometries on C(Y), 
hence also on Y. Since Y is compact, by taking the closure of the one-parameter 
subgroup (ft in the isometry group of Y (which is known to be a Lie group by 
0), we obtain an action of a compact torus T on C(Y). This proves Lemma 

m 

The algebraicity of C(Y) depends crucially on this T action. Suppose U is 
a T-invariant neighborhood of O. Then we have a weight space expansion 

ckEI * 

where T* C Lie( T)* is the weight lattice of T, and for / £ O a { f2), we have 
e lt .f = e L( ' a,t ' 1 f. The notation 0 should be understood in terms of Fourier 
series expansion. We can take the usual Fourier series expansion of / restricted 
to each orbit of T, namely, given / G 0(fY) 1 we define 

f a (x) = [ e- i < t ’“>/(e it .x)dt. (2.3) 

J T 

It is clear that f a is holomorphic on nnC(Y re 9 ), so by normality and continuity 
f a € O(n). Notice the T action is smooth on C(Y reg ), so it is easy to see f a 
converges uniformly on compact subsets of II fl C(Y re9 ). On the other hand, a 
singular point of C(Y) lies in a holomorphic disc with boundary a fixed distance 
away from the singular set, so by a simple maximal modulus theorem we see 
the convergence is also uniform on compact subsets of fl. 

Let N be the embedding dimension of C(Y) at O. This is by definition the 
smallest integer such that a neighborhood of O embeds holomorphically into 

C N . 

Lemma 2.18. There is a holomorphic embedding F : C(Y) —> C N such that 
the action of T extends to a diagonal action on C N . 

Choose a local holomorphic embedding F : fl —> C N such that F(0) = 0. 
By general theory (see for example JTB] , P114-115), N = dime rao/ ttIq, where 
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mo is the maximal ideal in Oo , and any holomorphic function vanishing on 
F(fl) must have vanishing differential at 0. 

We apply the above expansion to the coordinate functions z, L = '}2 a z i, a - 
By Proposition V.B.3 in m there is a poly disc A around 0, such that each 
Zi jCt extends to a holomorphic function on A with a bound ||^i,a||_L“(A) < 
for a constant C > 0 independent of a. Therefore we may as¬ 
sume the series Zi >a also converges to z± on A. So there is some a, such 
that dZi }Cti (d Zi ) is non-zero at 0. Then the implicit function theorem implies 
that F' = • • • , ZN,a N ) is a holomorphic embedding on a possibly smaller 

neighborhood O' of O. Moreover F' is T-equivariant, where the T action on 
C N is diagonal, with weight on each coordinate given by at. For simplicity of 
notation we still denote (F r , O') by (F, Q). 

To extend this to a global embedding of C(Y), we first notice that since £ is 
holomorphic the action of T induces a holomorphic action of the complexified 
torus T c on C(Y). One can see this by first complexifying the action of Lie(T) 
and then argue as before. Since F is holomorphic and T-equivariant, it is also T c 
equivariant, in the sense that if z and A. z are both in then F(A.z) = A.F(z). 
Now we simply define F(X.z) = A.F(z) for z £ XI and A £ T c . Since the radial 
vector Held rdr = — lies in the Lie algebra of T c , we see that F is defined 
on C(Y ), and it is clear that F is holomorphic. Since F is an embedding near 
O and F is T c equivariant, it is also an embedding on the whole C(Y). This 
finishes the proof of Lemma 12.181 

For simplicity we will call the map F satisfying the property of Lemma 
12.181 an equivariant holomorphic embedding. Now let W be the image of C(Y), 
endowed with the structure of a reduced complex analytic space. 

Lemma 2.19. W is an affine variety in Cf*. 

Denote by Iw the ideal sheaf of W. For any / £ Iw, o, we have a similar 
expansion / = f a with respect to the T action on C N . By the equivariancy 
f a also vanishes on W D B, so f a £ Iw, o- Each f a extends by homogeneity to 
an entire holomorphic function on C N with polynomial growth at infinity, so it 
must be a homogeneous polynomial. Therefore Iw ,o is generated by the germs 
of certain homogeneous polynomials. Since Iw ,o is Noetherian, it is indeed 
generated by finitely many of them, say /i, • • • , f r - So IT agrees with the affine 
subvariety in C N defined by /i, ■ • • f r in a neighborhood of 0. By homogeneity 
they agree globally. 

Under the above embedding, the Reeb vector field has an extension to C N 
of the form £ = Re(i ^ i w a z a d Za ) for some real numbers Wi, ■ ■ ■ , wjv. 

Lemma 2.20. For all a, w a > 0. 

For any non-zero polynomial function / on W of weight a, we have /( X.x) = 
A<“A)/(x), where X.x is the radial dilation by A of x. Since / is holomorphic at 
0, it follows that (a, £} > 0, and the equality holds if and only if / is radially 
invariant, i.e. / is a constant. Therefore we see if a ^ 0 then (a, £} > 0. The 
lemma follows by applying this to the coordinate functions. 

Now we describe the affine algebraic structure on C(Y) intrinsically. Let R 
be the ring of holomorphic functions on C(Y) with at most polynomial growth 
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at infinity, and H a be the space of polynomial functions on W with weight a. By 
the above discussion any function f £ R has a Fourier expansion / = fa, 

where f a £ H a , and the series converges locally uniformly. From the formula 
m each f a is also of polynomial growth with order at most the growth order 
of /. This implies (a, £) is uniformly bounded for all a with f a ^ 0. It then 
follows from the above lemma that there are only finitely many non-zero terms 
appearing in the expansion. Hence we have a direct sum decomposition 

R= 0 u a . 

aer* 

It is then straightforward to check that under the above embedding of C(Y) 
as an affine variety in C N , R is naturally identified with the coordinate ring of 
W. In particular, R is finitely generated and W is isomorphic to SpecI?. This 
finishes the proof of Theorem 11.21 

There is also an algebraic description of the cone structure on C(F). A 
holomorphic function / on C(Y) is called homogeneous with charge /i if = 
inf for some p, > 0 (the name is adopted from [TT])- Let Rd be the space of 
holomorphic functions on C(Y ) with charge d. So we may understand the cone 
structure as a “grading” on R in terms of the charge: 


R = 0 R d . 
des 

where S C R>o is the holomorphic spectrum of S. Notice the linear map on T* 
sending a to (a, £) is injective, so each non-zero Rd corresponds to a unique R a 
with (a, £) = d , and we can recover the T action from this grading. We also call 
the function h : S —> Z; d i —> dim Rd the Hilbert function of C(Y). 

The grading is positive, in the sense f lies in the Reeb cone m, in, i.e. the 
convex cone in Lie{ T) consisting of elements 7 with (a, 7 } > 0 for all agT* and 
Ha 7 ^ 0. Following the terminology introduced in mi, we call such (C(Y),^) a 
polarized affine variety. 

The next result is crucial for the discussion in Section 3. Notice the Lie 
algebra Lieiff) has a natural rational structure determined by the weight lattice 

J - ** 

Proposition 2.21. The Reeb vector field £ £ Lie( T) is an algebraic vector, as 
an isolated zero of a system of polynomial equations with rational coefficients. 
In particular, S is contained in the set of algebraic numbers. 

This is an extension of a result of Martelli-Sparks-Yau m on the volume 
minimization property of smooth Sasaki-Einstein metrics. In our setting, the 
tangent cone C(Y) admits a (weak) Ricci-flat Kahler cone metric, with a global 
potential given by r 2 . This enables us to adapt the pluripotential theoretic 
techniques, and the proof will be given in the appendix. 
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3 Algebro-geometric description of tangent cones 

3.1 Rigidity of the holomorphic spectrum 

Let (Z,p) be the Gromov-Hausdorff limit of a sequence of spaces in K.(n, re, V). 
Recall we have defined a tangent cone at p to be a Gromov-Hausdorff limit of a 
convergent subsequence of the re-scalings of (Z,p) by y/a, for integers a —> oo. 

Lemma 3.1. Let C(Y) and C{Y') be two tangent cones at p defined by two 
sequences of positive integers {ak},{bk} respectively. Suppose there is a constant 
C > 0 so that C _1 < ak/bk < C for all k, then C(Y) and C{Y') are isomorphic 
as elements of K{n, re). In particular, they are isomorphic as affine algebraic 
varieties endowed with a Ricci-flat Kdhler cone metric. 

This follows from the property of metric cones and the fact from Section 2.3 
that the radial dilation on a tangent cone is a holomorphic transformation. 

Fix A = l/y/2. Let {Zi,pf) be the rescaling of (Z,p) by a factor A -1 , and 
we denote by C p the set of all sequential Gromov-Hausdorff limits of (Z i: pi) as 
i —> oo. It follows from Lemma 13.II that any tangent cone is indeed isomorphic 
to one in C p . Notice in Riemannian geometry, the metric tangent cones are 
defined in terms of rescalings of (Z. p) by real numbers f —> oo which are not 
necessarily of the above form yfa. But a similar argument as Lemma 13.11 shows 
that any general metric tangent cone is also isometric to one in C p . So in our 
context we shall simply call C p the set of tangent cones at p. It is endowed with 
the Gromov-Hausdorff topology. 

Lemma 3.2. C p is compact and connected. 

This should be well-known to experts, and we include a short proof here for 
the convenience of readers. The compactness follows from Lemma 12.71 and the 
easy fact that C p is a closed subset of /C(n, re). Now suppose C p is a disjoint 
union of two closed subsets A and B. Since /C(n, re) is compact and Hausdorff, 
we can find disjoint open subsets IA. V in K{n, re) such that A C U and B C V. 
Then it follows that for i sufficiently large (Zi,pi) G U U V. Without loss of 
generality we may assume there is a subsequence {a} C {*} such that ( Z a ,p a ) G 
IA. Now we claim {Z^pfi) G IA for all big i. For otherwise we may find a 
subsequence {/3} C {i} such that {Zp,pp) G U, but {Zp + i,pp + {) G V. Passing 
to a subsequence we can assume (Zp,pp) converges to some limit C(Y) G C p P\U. 
Since U and V are disjoint, and V is open, it follows that U does not intersect 
V. Thus we know C(Y) G A. On the other hand, by Lemma l3Tl {Zp + \,pp + \) 
also converges to the same limit C(Y), so in particular, for ft sufficiently large 
(.Z 0 +i,p£+i) G IA. Contradiction. Now it follows from the claim that C p = A. 
Hence C p is connected. 

Given a tangent cone C{Y) G C p , the L 2 metric over the ball {r < 1} defines 
a Hermitian inner product on R(C(Y)), which is invariant under the action of 
T. Moreover, for d\ d 2 , Rd 1 (C(Y)) and Rd 2 [C{Y)) are orthogonal. We have 

Theorem 3.3. The holomorphic spectrum S := S(C(Y)) and the Hilbert func¬ 
tion of C(Y) are independent of the tangent cones in C p . 

For any D G R + \S(C(Y)), we denote E D (C(Y)) = © 0<d<D Rd(C(Y)). 
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Lemma 3.4. Given C(Y ) in C p , for any D ef S(C(Y)), there is a small neigh- 
borhoodU ofC(Y) so that the vector spaces En(C(Y')) have the same dimension 
for all C{Y’) inU. 

By the compactness of C p , it suffices to show that if a sequence C{Yj) con¬ 
verges to C(Y ), then for j sufficiently large dim Ej = dimL, where we denote 
Ej = E D (C(Yj)) and E = E D {C(Y)). 

First assume we are given a sequence of homogeneous holomorphic functions 
fj on C{Yj) with charge dj £ (0,Z?), and with \\fj\\L 2 (B) = 1, where Bj the 
unit ball around the vertex in C(Yj). Using the interior gradient estimate in 
Lemma [2.111 we obtain a uniform bound of V/' 7 | over the half ball i Bj . By 
homogeneity for any fixed k we then obtain a uniform bound of | V,/y | over the 
ball kBj. So by passing to a subsequence fj converges locally uniformly to a 
limit / on C(Y). It is clear that / is homogeneous of charge d £ (0, D ), and by 
Lemma 12.161 we have 11/||z, 2 (s) = 1- Now we can apply this to an orthonormal 
basis of Ej. So we conclude that for j big, dim Ej < dim E. 

To prove the other inequality we proceed by contradiction. Suppose dim E > 
dim Ej for all large j. From the above argument, by passing to a subsequence we 
may assume an orthonormal basis of Ej converges to an orthonormal basis of a 
proper subspace E' of E. Now let / be a function in E which is L 2 orthogonal to 
E', and with 11/||x, 2 (s) = 1- Suppose / has charge Z ? 0 £ (0,1?). By Proposition 
ESI and using the homogeneity of / we may find for j large a holomorphic 
function fj defined on the unit ball Bj C C(Yj) that converges to / uniformly 
over B. Now using the weight expansion we may write fj = gj + hj , where 
gj £ Ej and hj is L 2 orthogonal to gj. Then 11S'j11z. 2 -) is uniformly bounded, 
so by homogeneity || gj\\L 2 ( 2 B ) is a lso uniformly bounded. Using Lemma [2.111 
again, by passing to a subsequence we may assume gj converges uniformly to a 
limit g. Hence hj converges uniformly to h , and / = g + h. By our choice of / 
we see g = 0. Now using the weight expansion for hj it is easy to see that there 
is a constant d > D such that for all j, \\hj\\ L 2 ^i B .^ < 2~ d ~ n / 2 \\hj\\\ L 2^ B .y 
Taking limits, this implies Dq > D. Contradiction. 

Lemma 3.5. There is a dense subset T of R + such that if D £ I, then the 
dimension of Nd := Ejj{C(Y)) is independent of C(Y) £ C p . 

This follows from the compactness of C p and the fact that S(C(Y)) is dis¬ 
crete. 

Now choose D £ I. For any C(Y) £ C p we may arrange the holomorphic 
spectrum of C(Y) within the interval (0,1?) (with multiplicities) in the increas¬ 
ing order as < • • • < wn d . From the proof of Lemma 13.41 it follows that 
the map ld : C p —> (R^)^ sending C(Y) to its charge vector (wi,--- ,u>n d ) 
is continuous. Since C p is connected, so is the image of ld- On the other hand, 
Proposition 12.211 implies that the image is contained in a countable subset of 
R' Vd , hence it must consist of a single point. Applying this to all D £ I, we 
conclude that S := S(C(Y)) is independent of C(Y). Then by Lemma T3.41 for 
each d £ S, dim Rd{C(Y)) is also independent of C(Y). This finishes the proof 
of Theorem 13.31 
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3.2 Vanishing order of holomorphic functions 

We first set up some notations. Given a tangent cone C(Y) £ C p , we denote by 
A the dilation by A on C(Y). Given a function / defined on a ball B in C(Y) 
around the vertex, we denote by A./ the function on B with A .f{x) = /( A.x). 
Let Bi be the unit ball in Z.- t around pi. By definition we may naturally identify 
Bi with a ball in Z, and we have natural inclusion maps Aj : Bi —> Bi_\. For 
the clarification of later arguments, given a function / defined on Bi- 1 , we also 
denote by A,./ the induced function on Bi. As i —> oo, A., converges by sequence 
to the dilation A : r >->■ Ar on the tangent conefl There is an ambiguity caused 
by the possible holomorphic isometric transformation of the tangent cones that 
fixes the vertex, but this will not affect our following discussion (see Remark 

nrm 

Given a function / defined over a domain in Z that contains Bi, we denote 
by \\f\\i the L 2 norm of the induced function on Bi. If ||/||i is finite, then we 
define a function [/]* on Bi, which is equal to a ■ f\s for some a > 0 so that 

M[/]ilU = 1- 

Lemma 3.6. Let B be the ball {r < 1} in some tangent cone C(Y) £ C p . For 
any holomorphic function f in L 2 (B) we have 

I|A-/IIl 2 (b) < II/IIl 2 (b)I|a 2 ./||l 2 ( B ), 

and the equality holds if and only if f is homogeneous. 

We write / = EdeS /* where f d has charge d. Then A./ = J2des A d fd > and 
A 2 ./ = J^deS ^ 2d fd- Notice that if d\ ^ g? 2 , then f dl and fd 2 are orthogonal in 
L 2 (B). It follows from the Cauchy-Schwarz inequality that 

I|A-/IIl 2 (b) < II/IIl 2 (b)I|a 2 ./||l 2 (b), 

and the equality holds if and only if / = fd for some d £ S. 

Proposition 3.7. For any given d fz. S, we can find io = io(d) such that 
for all j > i > *o any non-zero holomorphic function f defined on Bi, if 
ll/lli+i > xd \\f\\i> then ll/lb+i > Ad |l/ILr 

Suppose the conclusion fails, then we would find a subsequence {a} C {*}, 
and non-zero holomorphic functions f a defined on B a with 

||/a|Ul> A d "||/ a || a 

||/a||a+2 < A ^||/a||a+l 

By passing to a subsequence we may assume B a converges to a unit ball B ^ in 
some tangent cone^ Multiplying f a by a constant we may assume ||/ Q ||a+i = 1- 
Then ||/ a || a < A _d . The gradient estimate Lemma [2. Ill ensures that by passing 
to a further subsequence we may assume f a converges to a limit F on B x , 
uniformly on BooM for r < 1. In particular we have 

||-F 1 ||i 2 (B oa ) < A d , ||A.F|| L 2 ( Boo ) = 1, ||A 2 .F|| L 2 ( Boo ) = J-irn^ ||/a||a+2 > A^. 

1 In this paper, when we say “converges by sequence”, we mean that given any subsequence 

there is always a further subsequence that converges to some limit. 
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By Lemma 13.61 F must be homogeneous holomorphic function on , and it is 
clear that the charge must be exactly d. This contradicts our hypothesis on d. 

Corollary 3.8. Given a non-zero holomorphic function f defined in a neigh¬ 
borhood of p £ Z, then 

(1) The limit 

lim (log A ) -1 log(||/|U+i/M/IU) 

i—>oo 

is either +oo, or a well-defined number in S. We denote this by d(f) £ 
S U {+oo}; 

(2) If d(f) = +oo ; then [/]* converges weakly by sequence to zero; 

(3) If d(f) £ S , then [f]i converges strongly by sequence to non-zero homoge¬ 
neous holomorphic functions of charge d{f), on the tangent cones. 

The existence of d(f) follows immediately from the previous proposition. If 
d(f) = oo, then by definition all the weak limits must be zero. If d(f) £ S, then 
Lemma [2.111 implies that for i large, < /\||/||j_i < KX~ 2d ^\\f\\i 

for some constant K > 0 depending only on n and k. It then follows that [/],; 
converges strongly by sequence. Similar to the proof of the above proposition, 
any such limit F must satisfy A _ 2 d ^||A 2 .F|| L 2 ( Boo ) = A _d ^)||A..F||£ 2 ( Boo ) = 
||^ 1 ||l 2 (b 00 )- Again by Lemma HTJil F must be homogeneous of charge d(f). 

Remark 3.9. The above arguments should be compared with classical mono¬ 
tonicity formulas for elliptic equations over cones. The difference is that in our 
situation we are not exactly working on cones, and this is the place we need to 
use the rigidity of the holomorphic spectrum S. 

Notice at this stage we can not rule out the case d(f) = +oo. But later we 
will do this after establishing the relation with algebraic geometry, see Remark 
13.211 Using the estimate in Lemma 12.111 it is easy to see that we have other 
characterizations 


d(f) = lim (log r) 1 log sup |/(ac)| 
r ^° B r (p) 

= lim(logr) -1 log sup |/(x)| (3.1) 

r ^° dB r (p ) 

Hence the number d(f) can be viewed as the vanishing order of / at p £ Z, 
measured by the limit Kahler-Einstein metric. We will use it to study the al¬ 
gebraic geometry of tangent cones. For this purpose we need an extension of 
Proposition 13.71 and Corollary 13.81 

Definition. Suppose we are given a finite dimensional space P of holomor¬ 
phic functions defined on a neighborhood of p. Let m = dimP. An adapted 
sequence of bases consists of a basis [G ], • • • , G™} of P for all large i, such that 
the following holds 

• For all a, ||G“||i = 1; if a ^ b, then lim^oo f B G“Gj = 0; 

• For i large and for all a, A i .G“_ 1 = Pi a G°; +p“ for p ia £ C, and in the 
linear span C(G I 1 , • • • , G“ -1 ), with ||p“||i -t 0; 
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• There are numbers d\, ■ ■ ■ ,d m £ S with d\ < d 2 < • • • < d m , such that 
Mia —> X da ; Moreover, pf £ C(G ^|6 < a, = d a }■ 

By definition for / £ C(G£|ai < & < 02 ) we have d(/) £ [d ai ,d a2 ]. 

Now suppose we are given such a space P with an adapted sequence of bases. 

Lemma 3.10. {[G“]} converges strongly by sequence to an L 2 orthonormal set 
of homogeneous functions of charge exactly {d a }, on the tangent cones. 

We prove this by induction. For a = 1 this is clear by Corollary 13.81 
Now we assume the conclusion is true for all b < a — 1. Suppose for a sub¬ 
sequence {/3} C {*}, [Gjg] converges weakly to a limit G, on P^ C C(Y). 
By passing to a further subsequence we may assume [G^_ : ] also converges 
weakly to a limit G' on Boo. Then by the second and the third item in 
the above definition, A .G' = A da G. By Lemma 12.111 A^.[Gjg_J converges 
uniformly to A.G'. It then follows that ||G||l 2 ( Boo ) = A _da ||A.G'||i 2 ( Boo ) = 
limj-yoo A _d “||A / 3 .[G ^_ 1 ]||/3 > 1. So [Gj|] converges strongly to G. Similarly 
one can show A _ 2 da ||A 2 .G||+ 2 ( Boo ) = A - 11A.G||z. 2 (s OCJ ) = 1, hence G must be 
homogenous of charge d a by Lemma 13.61 By Lemma 12.161 G is L 2 orthogonal 
to the limits of [Gj],--- ,[G a p ~ x ]. 

If we choose another adapted sequence of bases, say {P."}, then by definitions 
for each i, {G“} and {Hf} differ by an action of an element in U(m). So a 
simple consequence of the above lemma is that the set with multiplicity d(P) = 
{d\, • • • , dm} is independent of the choice of the adapted sequence of bases. 

Proposition 3.11. For any d (f S, we can find io = io(d,P) such that for 
all j > i > io, and any holomorphic function f defined on Bi, if f P and 
||n i+ i/||j + i > A J ||IIj/|| i, then \\H j+1 f\\ j+1 > X 3 \\njf\\j. Here Uj(f) denotes 
the L 2 orthogonal projection of /|s. to the orthogonal complement o/P|bj. 

Suppose not, then we may find a subsequence {/3} C {i}, and holomorphic 
functions fp on Bp with 


\\Pp+ifp\\p+i > X d \\Upfp\\p 
\\P-p+2fp\\p+2 < X d \\Up +1 fp\\p +1 , 

We can normalize so that ||II^ + i/^||^ + i = 1. By passing to a subsequence we 
may obtain weak limits on the ball P^ in some tangent cone C(Y ): 

F = lim II pfp,F' = lim Up +1 fp,F" = lim Hp +2 fp, 

p—t 00 p—too p —yoo 

with \\F\\l 2 (b 00 ) < X~ 3 , ||P , ||l 2 (b 00 ) < 1, and ||P ,, ||l 2 (b 00 ) < X 3 . Now we write 
the L 2 orthogonal decomposition on P/ 3+1 

-A-/3+1 -11/3 fp = Hp+lfp + /l/3+l, 

where hp+± is in P. By Lemma 13.101 and by passing to a subsequence, we 
may assume that both {G^} and {G^ +1 } converge to the same orthonormal 
set {G 1 ,--- ,G m } on Poo, and that hp + 1 converges strongly to a limit h £ 
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C{G 1 ,--- , G m ). By Lemma [2.161 we know F and F' are both orthogonal to 
C(G\ • • • , G m ), so is A .F', by the homogeneity of G\ • • • , G m . Since A.F = 
F' + h, we must have h = 0, and F' = A.F with ||i 7 ' , ||L 2 (B 00 ) = ||A.F|| i 2 ( Boo ) > 
1. Similarly F" = A.F'. Then we obtain a contradiction, as in the proof of 
Proposition 13.71 

Proposition 3.12. Suppose P is given as above. Given a holomorphic function 
f defined on a neighborhood of p. Suppose f (f P, then 

1. The limit 

lim(logA)" 1 log(||n i+ i/|| l+ i/||n ? ;/|| i ) 

2—^00 

is either +oo or a well-defined number in S. We denote this by dp{f); 

2. If dp(f) £ S. then P = P ® C(f) also admits an adapted sequence of 
bases, with d(P) = d(P) U {dp(f)}. 

As before, the existence of dp(f) follows directly from Pronosition l3.11l Now 
suppose dp{f) £ S. We write Aj.IIj_i/ = Wf+hi- Then for fixed e > 0, for all i 
large, ||IIj_i/||j_i < CX~ dp ^^~ e \\Ilif\\i- So passing to a subsequence {/?} C {i} 
we can take weak limits C~ 1 H a f —► F, C~ 1 Il a _ 1 f — > F' and C~ 1 h a h, 
where C a = ||II Q ,/|| Q ,. Then we have F = A.F' + h. Similar to the proof of 
Proposition 13.111 we know h = 0 and F is homogenous, with ||T 1 ||l 2 (b 00 ) = 
||A.F , || B 2 / Bcjo ) = 1 . In particular, this implies that Fi := [11*/]* converges 
strongly by sequence to a homogeneous holomorphic function of charge dp(f). 
Now we write 

m 

A*.F*_x = 7 *F*+^r* a G“ (3.2) 

a—1 

By the above discussion we know 7 * —»• \ d ^\ and T ia —»■ 0 for all a. 

Claim. We can find e* a —► 0, for all a with d a d(f), such that if we 
replace F* by F* + Yla-d a ^d(f) e i°.G “, then we can assume that in (13.211 n a = 0 
if d a ^d(f). 

Given this we let ao be the biggest integer so that d ao < d(f), then we define 
G“ = G“ for a < ao, G“ 0+1 = [F*]*, and G“ = G“ _1 for a > ao + 1. Then it is 
easy to check {G“} is an adapted sequence of bases for P. 

To prove the claim we let b be the biggest number so that db dp(f). 
Replacing Fi by Fi + e^G*, then we obtain the new sequence of coefficients fp,. 
In order that fp, vanishes for all i we need 


Ti^ib — fdib&i—l,b T T.b 

By assumption, lim*^,*, fip, = X db ^ X dp ^\ hence by the lemma below we can 
choose the desired sequence {e*b} for large i, with e*b —> 0. The claim follows 
by induction on b. 

Lemma 3.13. Given three sequences of complex numbers 7 * ; /**. n, with limits 
7 , h,t respectively. Suppose r = 0, and | 7 | ^ \p\, then we can find a sequence 
et —> 0 such that for all i sufficient large, the equation 7 *e* — 1 = r* holds. 
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The proof is elementary. If 7 = 0 or p, = 0 then is uniquely determined 
and in this case it is easy to see ei —> 0. So we may assume 7 /j. ^ 0. Since we 
are only interested in large i, without loss of generality we may assume for all 
i > 0, | 7 i| > | 7|/2 and \pf\ > |/x|/2. 

Case I: | 7 | > \p\. Then again without loss of generality we may assume 
there is a S > 0 such that for all i > 0, |7,| > (1 + 8)\pi\- Set eo = 0, and define 
ei inductively for i > 0. Then we have 

i 

ie i |<^(i+<5ri 7 J r 1 iTii 
3 =1 

For any fixed l, we have 

| e*| < 2(1 + ^y ~ l | 7 | _1 max \tj\ + 2| 7 | _1 (1 + <5)<5 —1 sup \tj\. 

3< l j>l+1 

It follows easily from this that e^ —► 0. 


Case II: | 7 | < \p\. In this case we simply define for each i > 0, 


00 k—1 


e * = II(? ±1 Wfci Ti + fc i 

k= 1 1=1 ^ 


By similar arguments as in the previous case we know for all *, this series is 
absolutely convergent, and e, —^ 0. It is also direct to check this sequence {ei} 
satisfies the desired equation. This finishes the proof of Lemma 13.131 


3.3 Local tangent cones 

Given a tangent cone C(Y ) g C p , we denote by Aut(C(F)) the group of holo- 
morphic transformations of C(Y) that commute with the T action generated by 
the Reeb vector field. We choose C(Y) such that the dimension of Aut(C(y)) is 
minimal among all the tangent cones in C p , and we fix a subsequence {a} C {i} 
that realizes the convergence to C(Y). As usual we denote the coordinate ring of 
C(Y) by R(C(Y)) = © de<s Rd{C(Y)). For simplicity we write elements of S in 
an increasing order as 0 = do < d± < ■ ■ ■, and we denote fik = dim Rd k (C(Y)), 
which by Theorem 13.31 is independent of the choice of C(Y). 

Denote by O p the local ring of holomorphic functions defined in a neigh¬ 
borhood of p g Z. For d G S, we let Ik be the subspace of O p consisting of 
functions with d(f) > dk■ This defines a filtration 


O p = I 0 D h =) h => • • • • (3.3) 

By (ED this is a filtration of ideals in O pi and it is multiplicative in the sense 
that Ijlk C Ii whenever di < dj + dk- Let R p be the associated graded ring 

Rp = (J) Ik/Ik+l- 

k>0 

Proposition 3.14. For all k > 0, we can find a decomposition Ik = Ik+i © Jk, 
such that dim Jk = fJ-k, o,nd Jk admits an adapted sequence of bases with d(Jk) = 

{d k }- 
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The proof is by induction on k. We first define Jq to be the space of constant 
functions. Now we assume the conclusion holds for all j < k — 1. Let J be 
the set of all finite dimensional subspaces J C Ik which satisfy J fl Ik+i = 0, 
and which admit an adapted sequence of bases with d(J) = {dk}- It is clear 
by definition that dim J < pk for all J £ J. Let Jfc £ J be a maximal 
element. Now we prove that dim Jk = pk- Suppose not, then by passing to 
a subsequence {/?} C {a} we obtain an orthonormal limit set of homogeneous 
holomorphic functions G 1 , • • • ,G P on B^ C G(Y) of charge dk, with p < pk- 
Now we pick a function / in Rd k {C{Y )) with ||/||l 2 (b oq ) = 1, that is orthogonal 
to C(G 1 , • • • , G p ). Then by Proposition 12.91 for /3 large we may find a sequence 
of holomorphic functions fp defined on Bp that converges uniformly to / as 
/3 —> oo. 

Denote P = © J<fc Jj■ Then by Proposition 13.71 and 13.111 we see that for 
/3 large, d(fp) < d k and d P (fg) < d k - Fix /3 0 large and let F = fp 0 . By 
Proposition 13.121 we obtain an adapted sequence of bases on P = PQ)C(F) 
with d{P) = d(P)U{dp(F)}. This implies dp(F) = dk , for otherwise, by taking 
limits, we obtain a contradiction with the induction hypothesis that dim Jj = pj 
for all j < k— 1. From the definition of adapted sequence of bases, we also have 
d(F) = dk, he. F £ Ik, and moreover, (Jk © C (F)) fl Ik+i = 0. It follows that 
Jk © C(F) £ J, which is strictly bigger than Jk- Contradiction. This proves 
that dim Jk = Pk- 

To finish the induction step it suffices to prove that Ik = Ik+i © Jk- Given 
any / £ Ik and sufficiently large /3, by rescaling and by adding some element 
in Jk, we may assume that \\f\\p = 1 and / is orthogonal to Jk in L 2 (Bp). 
Then by Proposition l3.12l we obtain a sequence of adapted bases on Jk © C(/). 
Similar as above, using the fact that dim Jk = /it, we know dj k (f) > dk- This 
implies / £ Ik+i © Jk, and hence finishes the proof of Proposition l3.141 

Now we fix D large so that R(C{Y )) is generated by Ep>(C(Y )). Denote 
N = dim Ep>(C{Y)). An orthonormal basis of Ep>(C{Y)) defines an equivariant 
embedding $ : C(Y) —> C N . Let Gj be the group of linear transformations of 
C N that commute with the T action, and let K £ = G^ fl U(N). 

Let k 0 = maxjfc > 0|c4 < D}, and denote P = © 0 <fc<fc n Jk- By Proposition 
13.141 we may fix an adapted sequence of bases of P, which defines for i large 
a holomorphic map F t : B t —> C N , such that the subsequence F a converges 
uniformly to $ (up to the K { action). Similar to the proof of Proposition 12.121 
we may assume Fi is generically one-to-one for all i. 

Let Sk be the space of homogeneous polynomials on C N with weighted 
degree dk, and let 14 be the kernel of the obvious map Sk —> Rd k {C(Y)). Fix a 
splitting Sk = Vk © Qk, then we may identify Qk with Rd k (C(Y)). Let Tfc iCt be 
the subspace of O p consisting of the pull back of functions in Qk by F a . 

Lemma 3.15. Given any k, for a large we have Ik = 24,a© Ac+i- 

By the multiplicative property of the filtration we have Tk, a C Ik- By 
Proposition ^. 71 it is easy to see that for a large dimTfc ia > pk and Ti-^n/fc+i = 
0. On the other hand, by Proposition 13.141 dim h/h^ = pk- So the lemma 
follows. 

Lemma f3. 15 1 implies that the ring R p is finitely generated by © fe<fco Ik/Ik+i- 
Let W be the affine variety Spec(i? p ). R p has the same grading as R(C(Y)), 
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so W admits a natural action of T, with the same Hilbert function as C(Y). 
The chosen adapted sequence of bases of P over Bi then defines a sequence of 
equivariant embeddings of W into C N , and we call the image W,;. 

By general theory (see for example [2D] ), there is a multi-graded Hilbert 
scheme Hilb, which is a projective scheme parametrizing polarized affine schemes 
in C N invariant under the T action and with fixed Hilbert function determined 
by {nk}- Therefore W r (for all large i ) and C(Y) define points [Wj] and [C(Y)\ 
in Hilb. The group Gp acts naturally on Hilb, so that all [Wj] are in the same 
Gp orbit. 

Proposition 3.16. \W a ] converges to [G(Y)] in Hilb, up to K^ action. 

By passing to subsequence and by varying $ by an element in K^, we may 
fix the ambiguity of action and assume that F a converges to <f>. Fix an 
arbitrary metric || • ||* on Sk■ Given an element / G Vk-, for a large we write 
F*f = g a + F*h a for g a G I k +1 and h a € Q k . We claim that ||/i a ||* -> 0. For 
otherwise by rescaling we may assume ||h a ||* = 1, and g a + F*h a = C a F*f 
with C a uniformly bounded. Then passing to a subsequence we may assume g a 
and h a converge uniformly to g and h respectively. They satisfy g + h = 0 and 
||/i||* = 1. In particular, g is a non-zero homogeneous function of charge dk- By 
Proposition I3.7l this would imply for a sufficiently large that d(g a ) < dk- This is 
a contradiction. Now we define f a = f — h a G Sk- It satisfies that F*f a G h+i, 
so f a vanishes on W a . and f a converges to / in Sk- Now we do the same for a 
basis of Vk for all k < k\, where k\ is chosen so that any ideal of C[xi, ■ ■ • , Xn] 
defining an element in Hilb is generated by the homogeneous pieces of degree 
at most fci. It then follows that [G(F)] is the limit of [W a ] in Hilb. 

Since the universal family over Hilb is flat and normality is an open condition 
in a flat family (see for example [lj ), it follows that W is normal variety. Recall 
for all C(Y') € C p , a choice of orthonormal basis of Ed(C(Y')) determines a 
holomorphic map : C(Y') — > C N . 

Lemma 3.17. There is a neighborhood IA of C{Y) in C p such that for all 
C(Y') G U, $'(G(F')) is normal. 

Otherwise we choose a sequence C(Y S ) converging to C(Y) such that the 
image d> s (G(Ys)) is not normal. By modifying <f> s by elements in K^, we may 
assume $ S (G(Y S )) converges to F(C(Y)). Now for each s, we can find D s big so 
that I?(G(Ys)) is generated by elements of charge at most D s . Choose a subse¬ 
quence {/3} C {i} so that Bp converges to the unit ball in C(Y S ). Then we can 
argue as above replacing D by D s and N by N s = dim Er> 3 (G(Y S )), and assume 
Wp converges to G(Ys) as affine varieties in some C N “ , i.e. the convergence is 
taken in a different multi-graded Hilbert scheme. Projecting down to C w , we 
see that Wp converges to F S (C(Y S )) locally as complex analytic spaces. Now 
since Hilb is compact, by passing to a subsequence we may also assume \Wp\ 
converges to a limit [E s ] in Hilb. It then follows that the underlying reduced 
complex analytic space of E s is the same as $ S (G(Y S )). So E s converges to 
C(Y) locally as complex analytic spaces in C N . Now using the compactness of 
Hilb again by passing to a subsequence we may assume [E s ] converges to a limit 
[E], whose underlying reduced complex analytic space coincides with C(Y). On 
the other hand, since C(Y) is normal and [E] and \C{Y)\ have the same Hilbert 
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function, it follows that [E] = [C(Y)]. This implies by openness of normality 
again that E s is normal for s large. In particular we know <3? S (G(Y S )) is normal. 
Contradiction. 

Now we prove Theorem 11.31 By making IA even smaller, we may assume by 
Proposition ^. 12l that is generically one-to-one and so by Lemma l3.17l <I 1 ' is an 
embedding. In particular, C{Y') also defines an element [C(Y')\ in Hilb. From 
the construction j^j, Hilb is a sub-scheme of a certain projective space P, and 
the action of Gj extends to P(V). It follows easily from the definition that the 
stabilizer of [G(Y)] £ Hilb is isomorphic to Aut(G(Y)) which by Proposition 
14.91 is reductive. So we can write Aut(G(Y)) = K c , for a compact group K. 

As in [15| (Proof of Proposition 1), we can find an equivariant slice for the 
action. Namely, there is a projective subspace P' = P(Cw ® S), where v is a 
vector in V lying over [G(Y)] and S' is a K c invariant subspace of V which 
is transverse to the Gj orbit of [G(Y)]. Let O be the Gj orbit of [W], and 
O' = OflP. Notice by general theory the closure O' is a (possibly reducible) 
algebraic variety. By Proposition 13.161 we know [G(Y)] £ O. So from the 
construction of P' in [T5] we can find a small neighborhood U of [G(Y)] in P, 
such that each component of O' HU is contained in a single K c orbit. Moreover 
any point in O fl U is in the G^ orbit of a point in O' fl U. In particular, 
[C(Y)\ £ O 7 . 

Suppose G(Y') £ C p is close to C(Y), then we may assume [C(Y’)\ £ On 17. 
By the above discussion we may find g £ G^ such that g.[C{Y')\ £ O' fl U. We 
claim [G(Y)j is in the closure of the K c orbit of g.[C(Y')\. Indeed, since [G(Y)] 
is fixed by A' c , we may reduce to the linear action on S, and this becomes the 
well-known fact that if a; £ S' is such that 0 £ AT c .x, then for any y £ K c .x , we 
have 0 £ K c .y (the point is that 0 is a closed K c orbit, and any K c invariant 
polynomial on S vanishing at y must also vanish at 0). The claim implies 
that [G(Y)] and [C{Y')\ are in the same G{ orbit, for otherwise we would have 
dim Aut(C(Y)) > dim Aut(G(Y')), which contradicts our choice of C(Y). By 
the uniqueness of Ricci-flat Kahler cone metric fProposition 14.811 on C(Y), it 
follows that [G(Y)] and \C(Y')\ are isomorphic as affine varieties with a Ricci- 
flat Kahler cone metric, and so are indeed in the same orbit. Theorem P 
then follows from the connectedness of C p . 

Remark 3.18. The precise meaning of Theorem 11.11 is that any two tangent cones 
are isomorphic as affine algebraic varieties endowed with a Ricci-flat Kahler cone 
metric. Notice by the discussion of Section 2.2 each tangent cone is also given 
a polarization, which is a priori not unique from the definition. It seems an 
interesting question to further examine the limiting polarization, in particular 
the 17(1) connection. We leave this for future study. 

A consequence of the above argument, using the Hilbert-Mumford crite¬ 
rion, is that there is a one parameter subgroup A (t) of Gj, such that [C{Y)\ = 
lim t _>.o A(t).[W]. In terms of the language of K-stability, we may say there is a 
test configuration for W, with central fiber C(Y), in the sense of [111 . 

Now we study the meaning of W in terms of the local complex analytic 
geometry of Z at p. First we recall the notion of a weighted tangent cone. Let 
(wi, ■ ■ ■ , Wm) £ (R + ) m be a weight vector, and assign any monomial zf 1 • • • 
with weight aiWi. For any holomorphic function / defined in a neighborhood 
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of 0 G C m , we let w(f) be the smallest weight among all monomials in the 
Taylor expansion of /. Suppose (X, 0) is a germ of a complex analytic set in 
C m . Consider the weight filtration 

O q =J eo DJ ei D'-- 

where F ek consists of the restriction of holomorphic functions / on a neighbor¬ 
hood of 0 with w(f) > e*. The associated graded ring TZ(F) = ® fc>0 F ek /Re k+1 
is naturally isomorphic to C[*i, • • • , x m ]/X, where 1 is the ideal generated by 
weighted homogeneous polynomial functions / on C m such that f\x is equal to 
the restriction of a germ of analytic function g with w{g) > w(f), i.e. / is the 
initial term of a defining equation of X at 0 (with respect to the above weight). 
Therefore Spec(7?.(J r )) defines a polarized affine sub-scheme in C m , with Reeb 
vector field £ = ^2 a Re(iw a z a d Za ). We call it the weighted tangent cone of 
(X, 0). Notice if all the weights are equal, then Spec(7?.(X")) is the Zariski tan¬ 
gent cone of X at 0, which is independent of the choice of analytic embedding. 
In general however, the weighted tangent cone depends on the choice of the 
analytic embedding, but it is invariant under the action of Gf. In particular, in 
our situation above for the obvious weight vector, the weighted tangent cones 
of (Fi(Bi), 0 ) are all isomorphic. 

Proposition 3.19. W is isomorphic to the weighted tangent cone of (Fi(Bi),0) 
in C N , with respect to the weight determined by the T action. 

Without loss of generality we may assume i = 1. We define a natural map 
from ,xjv] to R pi that sends a polynomial / with w(f) = <4 to the 

subspace 4 / 4 + 1 - This is well-defined since d(Ff f) > w(f) by (13.11) . It also 
descends to a map r : 1Z(F) -+ R p . By Lemma l3.15l r is surjective. So it suffices 
to show r is also injective. For this we need a lemma. Let O be the sjreaf of 
holomorphic functions on -Fj(-Bi)- For simplicity of notation we view O o as a 
subspace of O p via the obvious map. 

Lemma 3.20. There is a function d' = d'{d) that grows linearly as d -+ oo, 
such that if a holomorphic function f G Oq satisfies f € Id, then f G trig , where 
mo is the maximal ideal in Oq- 

Given this, suppose / G F c i k H 4 + 1 , then using Lemma T3.151 for a large we 
can write 

/ = /i + fi + ■■■ + /;+ 9l 

with fi G 4,« C Fd k+i and gi G 4 fc+i - By Lemma 13.201 and the fact that all the 
weights are positive we know if we make l sufficiently large, then gi G Fd k+1 - 
This shows the map r is injective and finishes the proof of Proposition 13. 191 

It remains to prove Lemma f3. 201 In C N we define ||x || 2 = ()T) a |a; a | 2 /' u,a ) 1//2 . 
From the definition of the adapted sequence of bases it it easy to see that for 
any e > 0 small, there is a constant C e > 0 , such that for all iGBi 

C e ||4(4)|| 1+e < d z (x,p) < G e ||.Fj(x)11 1—e • 

So if / G Id then we have |/(x)| < C' e \\x\\ d ~ 2ed for some constant G' > 0. Now 
we first blow up F{B\) at 0 and then let B be a resolution of singularities of the 
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blown-up. Let tt : B —> F{B i) be the natural projection map, then by general 
theory 7r _1 mo = 0(— ^ biEi) where Ej are the exceptional divisors over 0, and 
bi are positive integers. Clearly on compact sets of C w , ||a:|| is Holder equivalent 
to the Euclidean norm, so using the above estimate of / we see that tt* f has 
vanishing order at least Cd along each Ei for some constant C > 0. Hence the 
lemma follows. 

Remark 3.21. By the Krull intersection theorem fjd>o m o = O’ so using Lemma 
13.201 we have f\>o = 0- particular, this implies that d(f) is indeed finite 
for any non-zero function / £ O p . 

From Proposition 13.191 we obtain a flat family of complex analytic spaces 
with central fiber W and general fiber Using openness of normality 

again it follows that Fi(Bf) is normal. Since F\ is generically one-to-one, we 
conclude that F\ is a holomorphic equivalence. 

To sum up, we have achieved the following: 

• There is a unique tangent cone C(Y) of Z at p, as an affine algebraic 
variety together with a Ricci-flat Kahler cone metric. 

• There is a polarized affine variety W, obtained as a weighted tangent cone 
of Z at p under some local holomorphic embedding; 

• There is a test configuration for W as a polarized affine algebraic variety, 
with central fiber C{Y). 


Further discussion: 

In algebraic geometry, it is a classical fact that the Zariski tangent cone is an 
intrinsic object associated to a germ of singularity. The above weighted tangent 
cone W is usually not the same as the Zariski tangent cone, but we expect that 
both W and C(Y) are also intrinsic invariants of a local algebraic singularity. 
Notice as in [35], 132], a test configuration for W can also be viewed as a filtration 
on the co-ordinate ring of W. In terms of the notion of K-stability for polarized 
affine varieties formulated in m, and suppose the results of mmmm extend to 
this case, we can say W is K-semistable and C(Y) is K-stable. So we see some 
similarity between the above picture and the well-known Harder-Narasimhan 
filtration/Jordan-Holder filtration for holomorphic vector bundles. This also 
motivates the following 

Conjecture 3.22. The filtration S 3. ,*?!) and the polarized affine varieties W and 
C(Y) are uniquely determined by the germ of the analytic singularity p. In 
particular they are independent of the Kahler-Einstein metric on Z defining 
them. 

One can also formulate a corresponding algebro-geometric conjecture char¬ 
acterizing W and C(Y) in terms of K-stability. 

It is an interesting question to understand these for explicit algebraic singu¬ 
larities. Here we discuss two classes of examples. First we consider a class of 
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isolated hypersurface singularities. For n > 2 and k > 1, we denote by X \? the 

hypersurface in C n+1 (n > 2) with defining equation Xq +1 + x\ -\ -+ = 0. 

The origin 0 is the unique singular point, and the germ at 0 is usually called an n 
dimensional Ak singularity. We divide the range of (n, k) into three categories: 

I = {(n, k)\n = 2} |J{(n, k)\n = 3, k < 2} |J{(n, k)\k = 1}; 

II = {(?r, k)\n = 3, k > 4} |^J{(n, k)\n = 4, A; > 3}; 

HI = {(3> 3)} lj{ (4,2)}. 

Under the above embedding in C n+ , X£ is naturally a polarized affine variety 
with respect to the obvious weight (2, k + 1, • ■ ■ , k + 1). By [T7J [23], there is a 
compatible Ricci-flat Kahler cone metric on X% if and only if (n, k) belongs to I. 
When n = 2 this is the flat orbifold cone. When k = 1 this is the n-dimensional 
Stenzel’s cone. 

Now suppose our limit space (.Z,p) is locally analytically isomorphic to 
(X£,0). Let C(Y) be the tangent cone at p , and W be the affine variety 
obtained as above. The question is to describe W and C(Y). Our conjectural 
picture depends on the range of (n, k) 

1. (n, k) £ I. Naturally one expects that W and C(Y) are both the known 
Ricci-flat Kahler metric with the standard Reeb vector field. 

2. (n, k ) £ II. In this case, Hein-Naber [22] constructed a Calabi-Yau metric 
in a neighborhood of 0 in X£, with the tangent cone at 0 given by X^. 

Here X ^ is the hypersurface in C” +1 defined by x \H- \-x^ = 0, endowed 

with the product of the n — 1 dimensional Stenzel cone and the flat metric 
on C. We expect that in general W and C(Y) are both isomorphic to 

vn 

^OO • 

3. (n, k ) £ III: These are critical cases, and we expect W is isomorphic to 
X£, but C(Y) is isomorphic to X 

We make some simple observations that support this picture. It is not hard 
to see that under the natural embedding into C n+1 , the Ricci-flat Kahler cone 
metric on X ^ has weight vector given by w = (1,2^5^,-•• ,2^5^). If we 
consider the standard embedding of XJt in C n+1 , then one sees that the weighted 
tangent cone with respect to w is given by X ^ exactly when (n, k) £ II. In 
the case (n, k) £ III, X £ is itself a polarized affine variety with respect to w , 
so it is natural to hope that X£ degenerates to X ^ by another C* action that 
is equivariant with respect to w(which is obvious to find). With slightly more 
work, one can show that when ( n,k ) £ I, the tangent cone can never be X^. 
In general it still remains an algebro-geometric question to verify the above 
expectations. We leave this for future work. Notice by Proposition 12.141 if p is 
a smooth point of Z (in the complex-analytic sense), then both W and C(Y) 
are isomorphic to C™ (with the standard weight), but to our knowledge even in 
this case a purely algebro-geometric proof of this fact is still lacking. 

For another class of examples, we suppose ( Z,p ) is toric, i.e. there is an 
effective action of an n-dimensional torus T n on Z that fixes p and preserves the 
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limit metric and complex structure. This happens when (Z,p) is a toric Q-Fano 
variety (by the uniqueness of Kahler-Einstein metrics [3]). There are interesting 
examples appearing on the boundary of the compactification of smooth Fano 
manifolds (c.f. ED)- for Let Az be the moment polytope of Z. In this case one 
can see that the above discussion can be made in a T"-equivariant manner. In 
particular, both W and C(Y) are also toric. Moreover, there is a T’Mnvariant 
neighborhood U of p , and a holomorphic embedding of U into some C N such 
that the T n action extends to a diagonal action on C ;V , and W is realized as a 
weighted tangent cone of U at p. The fact that W is normal implies that the 
Reeb vector field of W indeed lies in the Lie algebra of T n . In particular, as an 
affine toric variety, W is isomorphic to the natural toric tangent cone T p Z of Z 
at p , with moment polytope given by the Euclidean tangent cone of Az at p. 
Similarly one can show that C(Y ) is also isomorphic to W as polarized affine 
varieties. It seems possible that one can further adapt the results in m to this 
situation, and determine the Reeb vector field of C(Y) inside the Reeb cone, in 
terms of the geometry of T p Z. 

3.4 Tangent cones at infinity 

Now we turn to tangent cones at infinity. The results will be mostly parallel 
to the case of local tangent cones. Let ( Z,p ) be a Gromov-Hausdorff limit of 
a sequence of spaces in K.(n, k,V), and we assume Z is non-compact, i.e. the 
rescaling factors at —> oo. Again fix A = l/-\/2, and let ( Zi,p t ) be the rescaling 
of ( Z,p ) by A* this time. A tangent cone at infinity is a Gromov-Hausdorff limit 
of a convergent subsequence of ( Z i: pi ). It is clear that a tangent cone itself is 
also a Gromov-Hausdorff limit of spaces in IC(n, k, V) with the rescaling factors 
tending to infinity. Let Coo be the set of all tangent cones at infinity. These are 
independent of the choice of base point p. 

It is straightforward to adapt the results of Section 2.3 and Section 3.1 to 
show that any tangent cone C(Y ) £ Coo is a polarized affine algebraic vari¬ 
ety with coordinate ring R(C(Y)) = (& k>0 Rd k (C(Y)), and the holomorphic 
spectrum S = {d k } is independent of C(Y). We also have analogous results 
to Section 3.2, with almost identical proofs. For the convenience of readers 
we write down the statements here, and only point out the part of proof that 
is different from the case of local tangent cones. We adapt the notations at 
the beginning of Section 3.2, except the natural inclusion map is now given by 
A i : Bi —> Bi+ 1. 

Proposition 3.23. For any given d ^ S, we can find io = io(d) such that 
for all j > i > in and any non-zero holomorphic function f defined on Bj, if 
ll/lb- < A-^l/Mj-r, then \\f\\i < A _ ^||/||j_ 1 . 

As in m, given a holomorphic function / on Z, we can define the order of 
growth at infinity by 


d{f)= lim (log r ) 1 sup log |/(x)|. (3.4) 

r ^' 00 B r (p) 

Similar to the proof of Corollary 13.81 this is well-defined and one can show 
d(f) £ S U {+oo}. Now let R{Z) be the ring of all holomorphic functions / on 
Z with polynomial growth (i.e. with d(f) < +oo). 


28 


Given a finite dimensional subspace P C R(Z) with dimension to. We can 
similarly define the notion of an adapted sequence of bases. It consists of a basis 
{' G \, • • • , G™} of P for all large i, such that the following holds 

• For all o, ||Gf ||j = 1; if a ^ b, then Hindoo f B G°jG\ = 0; 

• For i large and all a, Ai-G“ +1 = Hi a Gf + pf for p ia £ C, and £ 

C (Gj,--- ,G-~ 1 ), with MuflU ^ 0; 

• There are numbers d -\, • • • ,d m £ S with d\ < d 2 < • • • < d m , such that 
Mia -> A da ; Moreover, £ C(G\\b < a,db = d a ). 

Again for / £ C(G^|ai < b < 02 ) we have d(/) £ [d 0l ,d a2 ]. We also define 
d(P ) = {di, • • • ,d m }. 


Proposition 3.24. For any d S, we can find io = io(d,P) such that for 
all j > i > io, and any holomorphic function f defined on Bj, if f (f P 
and \\TLjf\\j < A - ^1 |IIy_i/||y_i, then IIH/II, < A - ^||II 2 _i/||i_ x . Here Hj(f) 
denotes the L 2 orthogonal projection of f\s to the orthogonal complement of 

PUr 

Proposition 3.25. Given a holomorphic function f £ R(Z). Suppose f P, 
then the following limit 

- lim (logA)" 1 log(||n i+ i/|| i+ i/||n ?; /|| i ) 

l—>00 

is a well-defined element in <SU{+oo} ; which we denote by dp(f). Moreover, if 
dp(f) £ S, then P = P ® C(f) also admits an adapted sequence of bases, with 
d(P) = d(P) U {d P (f)}. 

Now we fix a tangent cone C(Y) £ Coo, and a subsequence {a} C {i} such 
that B a converges to the unit ball B in C{Y). For d £ S, we denote by Id the 
space of holomorphic functions f on Z with d(f) < d. Again we list elements 
in S with increasing order 0 = do < d± < ■ ■ ■ , and denote Mfc = dimi?d fc (C(y)). 
Then we define a filtration of R{Z) 


0 = J 0 c h c h c • • • , 


(3.5) 


and correspondingly a graded ring 

Roo(Z) = 

k> 0 

The difference from (IO) is that the inclusion direction is reversed. 

Proposition 3.26. For all k > 0, we can find a decomposition R +1 = Ik ® Jk, 
such that dim Jf- = pk, o,nd Jk admits an adapted sequence of bases with d(Jk ) = 
{dk}- 

The proof is similar to Proposition 13.141 except a new technical point due 
to the fact that a priori R may be empty for k > 1 so we need to construct 
global holomorphic functions in the meantime. Again we prove by induction on 
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k. Let Jo be the space of constant functions. Now we assume the conclusion 
holds for all j < k — 1. Let J be the set of all finite dimensional subspaces 
J C Ik which satisfy J fl Ik -1 = 0, and which admit an adapted sequence of 
bases with d(J) = {dk}- By definition of adapted sequence of bases we have 
for all such J that dim J < p-k- Let Jk 6 J be a maximal element. Now 
we prove that dim Jk = / ik■ Suppose not, then by passing to a subsequence 
{/?} C {a} we obtain an orthonormal limit set of homogeneous holomorphic 
functions G 1 ,--- ,G P on B^ C C(Y) of charge dk , with p < fik- Now we 
pick a function / in Rd k (C(Y )) with ||/||l 2 (b 00 ) = U that is orthogonal to 
C(G 1 ,-.. ,G P ). Then by Proposition 12.91 for /3 large we may find a sequence 
of holomorphic functions fp defined on Bp that converges uniformly to / as 
/3 —> oo. 

Denote P = © J<fc Jj■ By by Proposition 13.231 and 13.241 we can find e > 0 
small and /3 0 > 0 such that if /3 > /3i > f3 0 then \\fp 1+ i\\p 1+ i < ^~ dk ~ e \\fp 1 \\p 1 , 
and \\Up 1+1 fp 1+1 \\p 1+ i < X~ dk ~ e \\Up 1 fp 1 \\p 1 . So in particular, by using a di¬ 
agonal sequence argument we may assume fp converges to a limit F over any 
fixed size ball, with d(F ) < dk and dp(F) < dk- In particular F G Ik- From 
this point, the proof proceeds identically the same as Proposition 13. 141 and we 
skip it here. 

Now we proceed to prove Theorem 11.41 Choose k 0 so that dk 0 > D and 
R{C{Y)) is generated by Ep>(C(Y)), and a sequence of adapted bases for Jk for 
all k < k 0 . Using these we define maps Fi : Z —► for i sufficiently large with 
Fi(pi ) = 0, where N = dim Ep>(C(Y)). 

As in Lemma 13.151 one then proves that R{Z) is generated by ® fc<fco Jk 
and Roo(Z) is generated by ® fc<fco Ik+i/Ik- The chosen adapted bases of Jk 
for k > ko then realizes Spec (R(Z)) as an affine variety Zi in C N . It is clear 
that Fi(Z ) C Zi. We claim that Fi(Z) = Zi. Notice by definition R(Z) is an 
integral domain, so Zi is reduced and irreducible. Thus it suffices to prove that 
dim if,; = dim Z. For this we notice that dim/*, = Y^ k j=o^ d i — Cd^, so the 
dimension of polynomial functions on Z; L with the usual degree at most d is also 
bounded by Cd n , and hence dim if, < n. 

Now we can follow the same arguments as in Section 3.3 to show further 
than Fi is indeed a holomorphic embedding, and furthermore, there is a unique 
tangent cone C{Y) at infinity. This finishes the proof of Theorem 11.41 More¬ 
over, one can obtain an algebro-geometric description of the tangent cone at 
infinity, similar to Section 3.3. However, in general one would not expect a 
naive intrinsic algebro-geometric characterization of W and C(Y) in terms of 
the affine algebraic variety underlying Z. For a simple example, we go back to 
Xi. For the Stenzel metric we know the tangent cone at infinity is X” itself. 
Since we are reversing the direction here, it does admit a weighted tangent cone 
at infinity isomorphic to X^ ID , so a priori X" could admit a Calabi-Yau met¬ 
ric with tangent cone at infinity given by X^,. This is also suggested by the 
construction of m- 
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4 Appendix: Futaki and Matsushima theorem 
for polarized affine varieties 


In this section, we denote by Z a tangent cone in the setting of Section 2.3. The 
goal here is to prove Proposition 12.211 and some other related results. Recall 
we have proved that Z is a polarized affine variety, endowed with a weak Ricci- 
flat Kahler cone metric. We fix an equivariant embedding of Z into C N . The 
Reeb vector field £o generates a holomorphic action of a compact torus T on 
Z, which fixes the vertex of Z. Moreover, the action extends to C'' v , through 
an embedding of T into the standard diagonal torus T N . In particular, if we 
denote by t the Lie algebra of T, then t is naturally a subspace of R v . Denote 
t+ = t n (R + ) JV , then £ 0 G t+. 

By Lemma 2.5 in ED, there is a smooth family of T^-invariant Kahler 
cone metrics on C N \ {0}, parametrized by £ £ (R + ) Ar , such that for = 
(l,--- ,1), Wfj is the standard flat metric on C N , and for all £, has Reeb 
vector field £ (called the type I deformation of oj^ ). Being a cone we have 
wj = jdd c r 2 , where r is the distance function to the vertex with respect to uig. 
For all £, the link {r = 1} is identified the unit sphere 5 ,JV_1 in C N , with the 
standard CR structure. For £ £ t + , restricts to a T invariant Kahler cone 
metric on Z. Let Y = Z D S N ~ 1 . Notice Y is in general different from, but 
naturally homeomorphic, to the link of Z with respect to the Ricci-flat cone 
metric Cj. 

We define 

V(£) = [ e- r2/2 (dd c r 2 ) n . 

Jz 

Up to multiplication by a dimensional constant, V (£) is the same as the volume 
of Y computed using the restriction of the metric u>^. For simplicity of notation 
we will denote the measure dfx = e~ r / 2 (dd c r 2 ) n . Let rj = d c \ogr be the dual 
one-form of £. It is T-invariant, and satisfies C, r Q T r\ = 0. 

Lemma 4.1. 

dV(5£) = —n f r]{5S,)dfjL (4.1) 

Jz 


HessV(5t;, S'£) = n(n + 1 ) f r](6t;)r](6'C)d^. ( 4 . 2 ) 

J z 

In particular, V(£) is strictly convex on t + . 

This is proved in m under the assumption that Z \ {0} is smooth. We 
will perform the calculation on the cone Z , from which it is evident that the 
appearance of singularities does not cause essential difficulties. 

We work on C N \ {0}, and denote the variation by S(r 2 ) = r 2 (f). Taking the 
variation of the equation C r g r r 2 = 2r 2 , we obtain 

d c m = -2r,m. ( 4 . 3 ) 

By definition the right hand side is radially invariant. It follows that \(f>(r)\ < 
C|logr|. Similarly |V</>(r)| < Cr~ 1 \ logr|. We compute the first variation 

dV(6{) = f e~ r2 1 2 (—\-r 2 (f>(dd c r 2 ) n + ndd c {r 2 (j))(dd c r 2 ) n ~ 1 ) 

J z 2 

= - [ \r 2 ci)dp+ ^-d{r 2 )d c {r 2 (j))e- r2 / 2 {dd c r 2 ) n - 1 

J z 2 2 
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The second equality involves integration by parts. This can be verified by 
lifting to an T-equivariant resolution Z' (see [33] for the existence of such a 
resolution), and using the above estimate of (j) and |V</>| on \ {0}. 

Note for one-forms a , fJ on \ {0}, we have 

na A /3 A (< id c r 2 ) n ~ 1 = i(a, J/3)(dd c r 2 ) n . (4.4) 

Applying m with a = dr , and /3 = d c (r 2 (f >), we obtain 

dvm = \j/mVd». 

Using (14.311 and the fact that rj(S^) is r-invariant, this proves (14.111 . 

Now consider a new variation S and accordingly S'(r 2 ) = r 2 ip. Then 

— —HessU (££, <5'£) 
n 

= f ^-d c ip(5t;)dfj, — j ^r 2 il’ri(5t;)dfj, + f r](S^)e~ r ^ 2 ndd c (r 2 tp)(dd c r 2 ) n ^ 1 

J z 2 J z 2 J z 

= I + II + III 

As above we use integration by parts to get 

III 

= -n f d(r](S£,))ijjd c (r 2 )e~ 1 ^ (dd c r 2 ) n_1 — n [ r^^^))^^ (dcfr 2 )”" 1 
Jz J z 

+ S / r,{6^e~ r2/2 d(r 2 )r 2 d c ilj{dd c r 2 ) n - 1 +2n [ r 2 'ipr](St)drd c r(dd c r 2 ) n - 1 , 
2 Jz Jz 

Applying (14.411 we see the first term in III vanishes since rj(S^) is r-invariant, 
the third term equals — \ f x r](5t;)r](5't;)r 2 dfi, and the last term in III equals 
■i J z ^ijjrjlS^dfi . For the second term in III, we write 

r 2 d{r]{S £)) = d(r 2 r)(5£)) - rj(6£)d(r 2 ). 

Notice that £^(r 2 ry) = 0, so 

d(r 2 r](6{,)) = -t s ^d(r 2 r]) = ~t, 5i dd c r 2 . (4.5) 

So applying (TOl) and 63) we see 

—n ( r 2 d(r/(S^))d c ipe~ r ^ 2 (dd c r 2 ) n ~ 1 = — i f d c ijj{S£,)dfj, — [ r](S£,)ri(S'^)dfi 
Jz 2 J z J z 

Therefore 

III = ~ j d c ip(5£)dn - j v(S(,)v{S'O0- + \ r2 W + \ f r 2 ijjr](S^)d^ 

Adding together I, II, HI, and using the fact that r](S £) and r](5'£) are r-invariant, 
we get 63- 

Finally, to see U(£) is strictly convex, it suffices to show that if r](S^) vanishes 
on X , then <5£ = 0. This follows from (14.51) . 
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Lemma 4.2. V{f)/V n is a rational function with rational coefficients in the 
components off, where V n is the volume of the round sphere S 2n_1 C C 11 . 

This is again proved in m under the assumption that Z \ {0} is smooth. 
For f £ TZ, we define the index character 

F(f,t)= e-<“’ £>t dim n a , 

aer* 

where TL a denotes the space of holomorphic functions on Z with weight a under 
the T action. 

It is shown in m that there is an asymptotic expansion (for \t\ -C 1) 
p, £ .n = Qo(0(^- 1)! ai(Q(n-2)! 

where ao(£) > 0 is a rational function in f with rational coefficients. In partic¬ 
ular ao(f) depends smoothly on f. We claim that ao(£) = c n V(f) where c n is a 
universal dimensional constant. Since both functions are continuous it suffices 
to prove this for a rational vector f, in which case one can use the Riemann-Roch 
theorem for orbifolds (or more precisely, Deligne-Mumford stacks) to obtain that 
«o(£) = f v ci(L) n ~ 1 , where V is the quotient orbifold and L is the de¬ 

scended ample orbi-linc bundle. It follows from a similar calculation as in the 
smooth case that the latter can be computed using Chern-Weil theory, and we 
get ao(£) = c n V(f). This proves the lemma. 


Lemma 4.3. There are an inteqer l and a parallel section s of K l 7 , such that 
(s<g> s) 1 /' = 0J n . 

Suppose Z is the Gromov-Hausdorff limit of a sequence (X;, Lf\aiCJi,pi) 
in K,{n , n, V) with ai —^ oo. For simplicity of notation we only prove the case 
A = —1, so that Li = Kxi ■ The proof of the other cases is similar. By the main 
results of nn, we may find an integer l and C > 0, and holomorphic sections 
Si £ H°(Xi, K l x .) with |sj(pi)| = 1 and f x |sj| 2 < C. By the gradient estimate 
for holomorphic sections (Proposition 2.1 in [T(T)) there is a constant D > 0 such 
that |V Wi Si|L°o < D. Now after we rescale the manifold Xi by a factor cq, while 
fixing the Hermitian metric on Kx t (determined by the volume form of uji) and 
the corresponding Chern connection, we have | V ai u>iSi\L°° ^ a f 1 F. Then it 
follows by passing to a subsequence that Si converges locally uniformly to a 
section s of K l z reg which, over the regular part Z reg , is parallel with respect 
to the Chern connection defined by the volume form of w. Multiplying by a 
constant we may assume (s ® s) 1 ^ = w ra . Similar to the proof of Proposition 
4.15 in tlB] this implies that Z has log terminal singularities so K l z is a well- 
defined line bundle, with a global section s satisfying (s ® s) 1/,z = w n . 

Remark 4.4. This lemma is the only place where we need to restrict our study 
to the smaller set /C(n, k, V) rather than /C(n, n). We expect the lemma to hold 
in greater generality and we leave this for future study. 

As in m, we focus our attention on a hyperplane section in t + . Since s is 
parallel on Z, we have C^ 0 s = ias for some a £ R. Since (s ® s) 1 ^ 1 = ui n and 
C rdr oj = 2ui, it follows that a = nl. Similarly, for any f £ t, C^s = ic(f)s for 
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some linear function c : t — > R. Since T acts on the bundle K l z , it is not hard 
to see that c has rational coefficients. Now we define 

H = U € t + |c(£) = nl}. 

By Lemma l4~2l .H| w is also a rational function with rational coefficients. Denote 
w = and h = — log \s\^J l . Then 

Ric(u>) = —iddloguj™ = — iddh. 

Consider a tangent vector St; of H. By (14.51) we have St; = ^JX(r 2 rj(Sf,)). So 
£mh = -A(r 2 r](Sf)) + y c(5£), 

and 

dV{SQ = y J^r 2 ri(S^)dn = -y J Cjs^hd/i. (4.6) 

Proposition 4.5 (Futaki Theorem). fo is a critical point ofV\ h- 

Given this Proposition, it follows that £o is a critical point of a set of polyno¬ 
mial equations with rational coefficients. Now Lemma 14.11 implies the Hessian 
of V\ h is non-degenerate, so £o is indeed an isolated critical point on H ® C. 
Then ProDOsition 12.211 follows from an observation in Ezj. For completeness we 
provide a detailed argument here. 

Lemma 4.6. Suppose X = (xi,--- ,x r ) £ C r is an isolated zero of a system 
of polynomial equations with rational coefficients, then each Xi is an algebraic 
number. 

Suppose this fails, without loss of generality we may assume {xi,-- - ,Xt} 
is a maximal algebraically independent subset of {cci, - - - ,x r }. Then for any 
,x' t } such that {xi,^,--- ,Xt,x[} is algebraically independent we can 
find an element r £ Gal( C/Q) such that r(xi) = x'. Here Gal( C/Q) denotes 
the group of held automorphisms of C that fix elements in Q. Clearly for 
any fixed S > 0 we may assume — x[\ <5 for all i < t. Now let g t +\{x) 
be the minimal polynomial of xt +i over ,Xt). If we choose a;'(? = 

l,--- ,t) as above, then we can find x’ t+1 £ C such that \x[ +1 — xt+i\ = e(6) 
and T(g t +i)(x' t+1 ) = 0, where e(S) tends to zero as S tends to zero. Now since 
gt+i(xt.+i) = 0, we can choose at+i £ Gal(C/Q(xi, ■ ■ ■ ,Xt)) such that r t+ i = 
Tocjt+i sends Xt +i to x' t+l . Then we can proceed by induction to find for all j > 
t + 2, ana;' £ C with |x'-—a 'j\ < e(5), an element Uj £ Gal( C/Q(xi, - ■ ■ ,Xj-i )) 
such that Tj = Tj -1 ooj sends Xj to a;'. It follows that X' = (a^, • ■ ■ ,x' r ) is also 
a zero of the same system of polynomial equations. Let 5 —> 0, we see that X 
is not an isolated zero, contradiction. 

If Z is smooth, then the expression (14.61) is the usual Futaki-invariant adapted 
to Kahler cones. The crucial fact is that this is independent of the choice of the 
Kahler cone metric on Z with fixed Reeb vector field. Hence we can compute it 
using the Ricci-flat cone metric, and derive the vanishing of (14.61) . In general Z 
is singular. We will use the results of pluripotential theory to prove Proposition 

n~5i 
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Notice that on Y we have a Reeb foliation by a contact 1-form 77 , and a 
transverse Kahler structure ui T = ^ dr] (strictly speaking, a Kahler current near 
the singular part of Y), all induced from S N_1 . Let T~L be the space of bounded 
transverse Kahler potentials, i.e. the space of basic (i.e. T-invariant), bounded, 
upper semi-continuous functions on Y that is transversely pluri-subharmonic 
with respect to u> T . As usual such a Kahler potential <fi gives rise to a transverse 
Monge-Ampere measure, which together with the form 77 , defines a T-invariant 
measure ( dr) + dd c (f>) n ~ 1 A 77 on Y. In the smooth case this agrees with the 
Riemannian volume form of the Sasaki structure defined by 77 + d c (f. 

On the other hand, the above holomorphic section s on Z defines a volume 
form 0 on the smooth part of Y by (s ® s) 1 ' 1 ^ = dr A fb So 0 determines a 
T-invariant measure on Y, which we also denote by f l. An element <f> in 7~L then 
defines a T-invariant measure = e~^D on Y. 

Let r be distance function to the vertex, defined by the metric Hi. Write 
r = re^ for some T-invariant function (j) on Z , then the fact that Co and 00 have 
the same Reeb vector field implies that <f> is also r-invariant. So we may view 
(f> as an element in H. One then checks that (dr/ + dd 1 ^) 71-1 A 77 = for a 
positive constant C. So it defines a weak transverse Kahler-Einstein metric. 

As in M ; we define the Ding functional 

x>( 0 ) = /( 0 )-iog^_ 

where 

n-1 .. 

I {4>) = - TFTT^Yl / A {dr] + dd c ^) n_1 ^ A 77 , 

nV{£o) Jy 

and the terms are made sense in terms of the usual pluri-potential theory. 

Now given S £, let f t be the family of holomorphic transformations of Z 
generated by J<5£, and we denote by (f>(t) the corresponding family of transverse 
Kahler potentials. Then a direct calculation (similar to Lemma 12 in [5]) shows 
that 


-TL V (<!>(*)) = ~ [ Zjsthdfj, (4.7) 

<7 z 

Notice the right hand side is independent of t. Just as in a, given <^ 0,^1 £ "H, 
one can find a bounded geodesic (f{t){t £ [0,1]) in T~L connecting </>o and (j>\. The 
key property we need is 

Proposition 4.7. V is convex along <j)(t). 

It is straightforward to check that in our setting (f> is a critical point of T>. 
Then Proposition 14.71 implies that D is bounded below on H. Then Proposition 
14.51 follows from (14.71) and (14.61) . 

Therefore we are finally reduced to prove Proposition @771 We also state two 
related results that is used in Section 3. Let Aut(Y) be the group of holomorphic 
transformations of Z that preserves fo! in the; notation of Section 3, this is a 
subgroup of G^ 0 that fixes [Z] in Hilb. The following results were proved in [4] 
and [jji for Kahlcr-Einstein Q-Fano varieties. 
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Proposition 4.8 (Bando-Mabuchi theorem). Ricci-flat Kahler cone metric on 
Z with Reeh vector field £o unique up to the action of the identity component 
of Aut{Z). 

Proposition 4.9 (Matsushima theorem). Aut(Z) is reductive. 


Pronosition l4.7l HTHl and rOfl can be proved using arguments analogous to the 
appendix of [9], with the main technical input from [4] and [3j. We will only 
sketch below the key points that require extra care in our setting. 

Remark 4.10. In the three dimensional case, we proved in na that Y is a five 
dimensional Sasaki-Einstein orbifold, hence in that case all the above results can 
be alternatively obtained by direct computations similar to the case of smooth 
Sasaki-Einstein manifolds. 

(1). One difference in our setting is that we do not have a “resolution of 
singularities” for Sasaki manifolds or affine cones. Notice Lemma 14.31 implies 
that Z has log terminal singularities. We can find a T c,fc -equivariant log res¬ 
olution of singularities 7r : Z' —»• Z (c.f. [23]). with simple normal crossing 

exceptional divisors Ei. So Kz r = 7r *Kz + , aiEi with > —1 for all i. Let 

E \, ■ ■ ■ , E s be the set of exceptional divisors that do not lie over the vertex (the 
other exceptional divisors are irrelevant). By construction we may assume the 
resolution is obtained by a sequence of blow-ups of the ambient space C N at 
smooth T c -invariant subvarieties. Let P be the corresponding ambient space 
after blowing up and let Y' = n _1 (F). It follows that Y' is naturally a smooth 
submanifold of P. Let rf — 7r*?7, f = 7r*£, and a/ = 7r*w, then we obtain an 
induced foliation on Y', and (?/,£', a/) is a degenerate Sasaki structure on Y'. 
It is in general not possible to deform this to a genuine Sasaki structure. 

But for our purpose we only need to deal with the transverse geometric 
properties of the foliation. By general theory, we find for all i = 1, • • • , s, a 
rational number aj > 0 and a Hermitian metric hi on the transverse holomorphic 
line bundle Ei\y with curvature form a;*, such that w] = u/ — is a 

transverse Kahler form on Y' for all e > 0 sufficiently small. We fix such a 

ee Q. 

We write —Kz’ = —n*Kz — E + A', where E and A are both effective, E 
has integer coefficients and A' has coefficients in (0,1). For simplicity we denote 
by Ky> and Ky the transverse canonical line bundles on Y' and Y respectively. 
Then we have —Ky = —tt*Ky — E + A'. Let L = Ky} ® E, then L is isomor¬ 
phic to —TT*Ky + A'. 

(2). We need a version of “transverse Hodge decomposition theorem” for basic 
forms, i.e. forms a on Y' satisfying i^a = 0 and C^a = 0. One can define a 
transverse Hodge * operator acting on basic forms, using the transverse volume 
form oj' e . Globally we use the L 2 inner product defined by w' and rf. Using the 
fact that drf is basic, one sees that the formal adjoint d* of d is indeed given 
by — * d*. Then it is easy to work locally in the leaf space and develop the 
relevant elliptic theory for the basic Laplacian operator. One can also work out 
the analogue for 3 operator. 
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(3) . One needs to check the local construction of pluripotential theory works well 
in our setting. For example, we need to approximate bounded pluri-subharmonic 
functions by a decreasing sequence of smooth functions which are almost pluri- 
subharmonic. The results of [3] use the construction of Blocki-Kolodziej, which 
depends on the choice of cut-off functions. Notice we do not have T-invariant 
cut-off functions on Y' in general, but we can first do the construction using an 
arbitrary cut-off function, then take average over T. 

(4) . We need a version of the Kawamata-Viehweg vanishing that H n,1 (Y', L) = 
0. Note we may write L = (—tt*Ky — e Y2i a i-^i) + A", such that —tt*Ky — 
e Y2i aiEi admits a Hermitian metric of positive transverse curvature and A" 
still has coefficients in (0,1). Then we may apply the proof of Demailly T51 . 
For the convenience of readers we provide here a detailed analytic proof in the 
case of compact Kahler manifolds, from which it is straightforward to extend to 
our setting, using the above transverse Hodge theory. 

Lemma 4.11. Let X be a compact n dimensional Kahler manifold and L be a 
holomorphic line bundle over X. Suppose we can write L® k = L'®[F], where L' 
is ample, and [F] is the line bundle defined by an effective divisor F = YZ c iFi 
with normal crossing support and k~ l Ci £ (0,1). Then we have H n,q (X , L) = 0 
for any q > 1. 

To prove this we choose a smooth Hermitian metric h' on L' with curvature 
w > 0. Fix defining sections Si of F^. These define a singular Hermitian metric 
hF on [F] which is smooth away from UF^, and with curvature Y2i a i^Fi, where 
Sf, is the current of integration along F^. Together with h! this defines a singular 
Hermitian metric ho on L with iFh 0 > k^u) as currents. Given a smooth 
Hermitian metric h on [F], for e £ (0,1] we obtain a smooth Hermitian metric 
+ on [F]. Together with h! this gives rise to a family of Hermitian 

metrics h t on L , that increase to ho as e tends to zero. Then a calculation 
(c.f. Lemma 16, El) shows that iFh e > k 1 uj — ffoj for a smooth function f e 
satisfying 0 < f e < C and f e converges to 0 uniformly on any compact subset 
of X\UFi. 

Given u £ fl n,q (X,L) with du = 0, by the Kodaira-Nakano formula ([13]) 
we have 

9 _1 (Agu,u) e > k^MW - \\f e u\\ 2 e , 

where the subscript e denotes the L 2 inner product is defined in terms of ui and 
h e . By standard elliptic theory, the operator q~ 1 A + ff has an inverse G e with 
||G e it||g < fc||ii||j < kq^WuWl- So we can write 

u = q~ 1 dd*G e u + q~ 1 d*8G t u + f^G e u 

Since ||G e u||g is uniformly bounded and f e < C , it follows that \\d*G e u\\ 2 is 
uniformly bounded. This implies that ||9*G e u||^ is also uniformly bounded. By 
passing to a subsequence we may assume that as e —> 0, d*G e u converges weakly 
to a limit v in L 2 . Since du = 0, we have 

u = q~ 1 dd*G e u + n(/ e 2 G e u), 

where n denotes the L 2 orthogonal projection to Kerd , defined in terms of 
the metric h e . Write w e = H(ffG e u), then ||u; £ || 2 is uniformly bounded, so 
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it converges weakly to a limit w in L 2 . Moreover since h e converges to ho 
locally uniformly away from U Fi, ||u>||o < liminf f _>.o ||ru e ||^. It then follows that 
u = q~ l dv + w. We claim ||«>||q = lim(u>, w e ) t . Indeed, writing h e = hiH e 
(e £ [0,1]) for a positive function H e , then 



Since ||w c ||^ is uniformly bounded, we have w e H\^ 2 converges weakly in L 2 to 
wHq /2 . So 



On the other hand, since H e < Hq and H e converges to Ho away from U-F), we 
have 



This proves the claim. Finally we have 



where the last inequality uses the fact that f e converges to zero uniformly on 
compact subset of X \ U Fi. So w = 0, and u = q~ 1 dv. 
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